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ABSTRACT
Simul taneous  measurements of  the r a d i a l  p o s i t i o n  and an g u la r  
o r i e n t a t i o n  o f  e l e c t r o n s  in ten high energy  e l e c t r o m a g n e t i c  c a s ­
cades which were i n i t i a t e d  by s i n g l e  Y"i*ays have been made. Six 
cascades  having e n e r g i e s  in the  range 8^5 -  2000 BeV which were 
developed  in a l a rg e  pure  emuls ion  s t a c k  were measured up to
-p
the  r a d i a l  d i s t a n c e  2.1 x 10 r . 1. from the  cascade  a x i s .  Four
cascades  which were developed  in a lead -em uls ion  sandwich
"2s t a c k  were measured up t o  the r a d i a l  d i s t a n c e  7*^ x 10 r . l .  and 
th e s e  cascades  had e n e r g i e s  in the  range 178 -  720 BeV. Numerical 
c a l c u l a t i o n s  of  the a n g u la r  d i s t r i b u t i o n s  from cascade  th e o ry  have 
been performed w i th i n  approx im ation  B and w i th i n  the  c o re  ap p ro x i ­
mat ion .  A method has been p r e s e n te d  f o r  u t i l i z i n g  the energy  d e t e r ­
m ina t ion  from the  a n g u la r  d i s t r i b u t i o n  t o  e s t a b l i s h  th e  c o r r e c t  
e f f e c t i v e  r a d i a t i o n  leng th  o f  a heavy sandwich s t a c k .
The i n t e g r a l  r a d i a l  and a n g u la r  d i s t r i b u t i o n s  which were 
o b ta in ed  e x p e r i m e n t a l ly  have been compared w i th  the p r e d i c t i o n s  
of  cascade  th e o ry  under approx im ation  B and th e  co re  approx im at ion .
No c l e a r  d e v i a t i o n  of  the  ex per im en ta l  r e s u l t s  from the r a d i a l  
co re  approx im ation  was found over  the  range o f  e n e r g i e s  and d i s t a n c e s  
which were measured,  bu t  approx im at ion  B was found to  u nderes t im a te
t h e  t o t a l  number o f  p a r t i c l e s .  I t  was shown t h a t  th e  r a d i a l
- p
range must ex tend  up t o  app rox im a te ly  7  x 10 r . l .  f o r  the
cascades  measured in the  sandwich s t a c k  in o r d e r  t o  permi t  the
measurement of  a l l  p a r t i c l e s  having a n g le s  even as  smal l  as
„ p
those  in the  range up to  k~5°. The r a d i a l  d i s t a n c e  2.1 x 10 r . l .
measured f o r  the  cascades  in th e  pure  emuls ion  s t a c k  d id  not  
a l low  th e  measurement o f  a l l  p a r t i c l e s  even a t  1-2°.  The energy 
d e t e rm in a t io n  us ing  on ly  smal l  a ng le s  from the  a n g u la r  d i s t r i ­
bu t ion  o f  p a r t i c l e s  in the sandwich s t a c k  ag reed  with  the  s t a n d a rd  
method of  us ing  th e  r a d i a l  d i s t r i b u t i o n .  T h e re fo re ,  i t  was 
concluded t h a t  the  cascade  th e o ry  i s  i n t e r n a l l y  c o n s i s t e n t  under 
the  co re  approx im ation  and t h a t  the  "wavelength"  of  the  p a r t i c u l a r  
sandwich s t a c k  t h a t  was used was s u f f i c i e n t l y  smal l  so t h a t  the
ar rangement could be c o n s id e re d  t o  be a homogeneous m ix tu re  of
lead and em uls ion .
i x
I . INTRODUCTION
D ir e c t  measurements of  th e  energy  o f  u l t r a  high  energy  p a r t i c l e s  
(> 1011 eV) poses one of  the  most d i f f i c u l t  and most im portan t  problems 
in the  f i e l d  of  high ene rgy  p h y s ic s .  .Bubble chambers, spark  chambers 
and v a r io u s  co u n te r  systems can be used f o r  energy  d e t e rm in a t io n s  
w i th  an accuracy  o f  a few p e r c e n t  in the  range o f  a c c e l e r a t o r  e n e rg i e s  
(1 -  30 BeV). These te chn iques  can in p r i n c i p l e  be used fo r  much 
h ighe r  e n e r g i e s  by i n c re a s in g  the  dimensions  of  bubble chambers,  
Cherenkov c o u n t e r s ,  e t c . ,  a n d /o r  the  s t r e n g t h  of  e l e c t r o m a g n e t i c  
f i e l d s  used in a s s o c i a t i o n  w i th  th e s e  d e t e c t o r s .  With the advent  
o f  r a p i d l y  in c r e a s in g  technology  such ias t h a t  involved w i th  su p e r ­
conduc t ing  magnets ,  i t  has been or  w i l l  be p o s s i b l e  t o  make the 
n e c e ss a ry  e x t e n s i o n  of  p r e s e n t  te chn iques  so t h a t  the e n e r g i e s  of  
u l t r a  high energy  p a r t i c l e s  can be de te rm ined .  However, the 
expense  involved  in c r e a s e s  r a p i d l y  w i th  the  p a r t i c l e  energy  to  
be measured.
The e n e r g i e s  o f  u l t r a  high  energy  p a r t i c l e s  ( e l e c t r o n s  and 
y - r a y s )  can be measured in a much l e s s  expens ive  manner and with  
re a s o n a b le  accuracy  v ia  the  e l e c t r o m a g n e t i c  ca scade .  There is  
a p p a r e n t l y  no upper l i m i t  to  the  energy  range over  which t h i s  
method can be used .  However, f o r  very  high  en e rg ie s ,  such la rg e  
p a r t i c l e  d e n s i t i e s  may be encoun te red  t h a t  i t  i s  n e c e ss a ry  to  go
1
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t o  l a rg e  d i s t a n c e s  from the  cascade  a x i s  t o  d i s t i n g u i s h  i n d i v id u a l  
p a r t i c l e  t r a c k s ,  o r  t o  be in a range o f  d e n s i t y  so  t h a t  one i s  a b l e  
t o  use a pho tom et r i c  d e n s i t o m e t e r . *
A d i s a d v a n ta g e  t o  the  e l e c t r o m a g n e t i c  cascade  method o f  energy  
d e t e r m in a t io n  is  t h a t  th e  energy  i s  not  d e r iv e d  from f i r s t  p r i n c i p l e s ,  
b u t  in s t e a d  i s  de r iv e d  from the  e l e c t r o m a g n e t i c  cascade  th e o ry .
In a d d i t i o n  t o  t h i s ,  the  a c t u a l  measurement p roces s  i s  somewhat slow 
and t e d io u s ,  and the te chn ique  i s  l i m i t e d  t o  de te rm in ing  the  energy  
o f  on ly  e l e c t r o n s  and y - r a y s .
There a r e  many c u r r e n t  problems in the  f i e l d  of  high  energy  
p h y s ic s  where i t  is  n e c e s s a ry  t o  know as a c c u r a t e l y  as p o s s i b l e  the  
energy  of  an e l e c t r o m a g n e t i c  ca scade .  Dete rm ina t ions  of  the  energy 
o f  cascades  from y - r a y s  c r e a t e d  in n? decay a r e  being used t o  s tudy  
the  t r a n s v e r s e  momenta o f  secondary  p a r t i c l e s  in high  energy  i n t e r ­
a c t i o n s .  Since the t r a n s v e r s e  momentum p t  of  a secondary  p a r t i c l e  
is  a Lorentz  i n v a r i a n t  q u a n t i t y ,  i t  i s  a conven ien t  param ete r  to  
use in a n a l y s i s  of  in d iv id u a l  j e t  e v e n t s  and in s tu d y in g  the  
t h e o r e t i c a l  mechanism of  m u l t i p l e  meson p ro d u c t io n .  A d e t e rm in a t io n  
of  p^ o b v io u s ly  n e c e s s i t a t e s  a c c u r a t e  measurements of  both  the 
ene rgy  and a n g le  o f  em iss ion  of the  secondary  p a r t i c l e .
I n v e s t i g a t i o n s  o f  the  dynamics of  jr°-meson p roduc t ion  in 
u l t r a  high  energy  c o l l i s i o n s  a r e  be ing  done in exper iments  des igned  
t o  measure t h e  m u l t i p l i c i t i e s ,  e n e rg i e s ,  and a ng le s  o f  i n d i v id u a l
*P. K. Malhot ra ,  P. G. Shukla,  S. A. Stephens,  B. V ijay lakshmi, 
J .  Boul t ,  M. G. Bowler, P. H. Fowler,  H. L. Hackforth ,  J .  Keereetaveep,
V. M. Mayes and S. N. Tovey, Nuovo Cimento 40A, 385 (1965)*
y - r a y s .  Such measurements a r e  planned in t h e  mountain exper iment 
which i s  now under development by LSU in  c o l l a b o r a t i o n  w i th  th e  
Max P lanck  I n s t i t u t e .  In th e s e  measurements,  t h e  energy d e t e r ­
m ina t ion  of  e l e c t r o m a g n e t i c  cascades  from th e  y - r a y s  o f  n° decay 
a r e  e s s e n t i a l  in t h e  d e t e r m in a t io n  o f  t h e  t o t a l  energy E^0 going 
i n t o  t h e  y - r a y s  and t h e r e f o r e  f o r  an e v a l u a t i o n  of  the  i n e l a s t i c i t y  
c o e f f i c i e n t .  A lso ,  knowledge of  th e  cascade  energy i s  nece ssa ry  
f o r  th e  e v a l u a t i o n  of  the  energy and p t  d i s t r i b u t i o n s .
The a c c u r a t e  measurement of  the  e l e c t r o m a g n e t i c  cascade  energy 
in  exper im en ts  i n v e s t i g a t i n g  t h e  cosmic ray pr imary energy spectrum
i s  a l s o  very  im por tan t  because any expe r im en ta l  b ia s  in  th e  energy
1
d e t e r m in a t io n  would a f f e c t  th e  slopte of  the  y - r a y  spectrum and 
hence the  s lo p e  o f  th e  pr imary spectrum. The y - r a y  spec trum has
t
been a c o n t r o v e r s i a l  i s s u e  f o r  s e v e r a l  y e a r s .  Apar t  from a genera l  
d i s c re p a n c y  in th e  s lo p e ,  some o f  the  ex per im en ta l  ev idence^  i n d i c a t e s
t:
17t h a t  t h e  spectrum s teep e n s  around e n e r g i e s  of  lCr* eV. O ther  i n ­
v e s t i g a t i o n s ^  i n d i c a t e  t h e r e  may be more than  one change of s lo p e  
o f  t h e  s p ec t ru m ,o r  perhaps  the  t r u e  spectrum may indeed be curved.
S u p p o r t e d  by th e  N a t iona l  Sc ience  Foundation.  The p r i n ­
c i p a l  i n v e s t i g a t o r s  a r e  R. W. H ugge t t ,  L ou is iana  S t a t e  U n i v e r s i t y  and 
K. P inkau ,  Max P lanck  I n s t i t u t e  and c o n s u l t i n g  p r o f e s s o r  f o r  Louis iana  
S t a t e  U n iv e r s i t y .
3 j .  D u th ie ,  P. H. Fowler,  A. Kaddoura, D. H. P e r k i n s ,  
and K. P inkau ,  Nuovo Cimento 2k ,  122 (1962).
^M. Akash i ,  Z. Watanabe,  A. M isak i ,  I. Mito,  Y. Oyama,
S. Tokunaga,  T. Oga ta ,  Y- Tsuneoka,  S. Dake, K. Yokoi, S. Hasegawa,
J. Nishimura ,  K. Niu,  T. T a i r a ,  A. N ish io ,  Y. Fujimoto ,  and N. Ogi ta ,  
Suppl.  Progr.  Theore t .  Phys. (Kyoto) 2 1 » * (196^).
Such changes o f  the spectrum i f  r e a l  imply changes in the  n a tu re  
o f  the  i n t e r a c t i o n s  or  a r e  r e l a t e d  t o  the composi t ion  and energy 
spectrum o f  the pr im ary  r a d i a t i o n .  The l a t t e r  i n t e r p r e t a t i o n  is 
p r e s e n t l y  the most favored  one.  In any c a s e ,  the  spectrum i t s e l f  
needs t o  be wel l  e s t a b l i s h e d .
The above examples a r e  j u s t  a tfew of  many cases  where i t  is 
n e c e ss a ry  t o  know the  pr im ary  energy  o f  e l e c t r o m a g n e t i c  cascades .  
They a r e  given to  show the  n e c e s s i t y  of  be ing  a b l e  to  measure t h i s  
energy  with  the h i g h e s t  p o s s i b l e  accuracy .
P r i o r  t o  the development of  the  th r e e -d im e n s io n a l  cascade 
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t h e o ry ,  the  e n e r g i e s  of  e l e c t r o m a g n e t i c  cascades  were e s t im a te d  
by per forming m u l t i p l e  s c a t t e r i n g  measurements on in d iv id u a l  cascade 
e l e c t r o n s  and comparing the r e s u l t s  w i th  approxim ation  A in the  one-
g
dim ens ional  cascade  th e o ry .  Such i n d i v id u a l  s c a t t e r i n g  measure­
ments a r e  not  p r a c t i c a l  f o r  ex t rem ely  high energy  cascades  which 
o f t e n  c o n t a in  s e v e r a l  hundred p a r t i c l e s .  Even fo r  r e l a t i v e l y  low 
energy c a s c a d e s ,  s c a t t e r i n g  measurements a r e  very  t e d io u s  and 
sometimes imposs ib le  because  of  the d ip  ang le  o f  the  cascade  or  
d i s t o r t i o n  of  the  emuls ion.
Recent high  energy  cascade  measurements have r e l i e d  only  
upon the comparison o f  exp e r im en ta l  r e s u l t s  w i th  the t h e o r e t i c a l  
c a l c u l a t i o n s  of  the i n t e g r a l  r a d i a l  d i s t r i b u t i o n  from the
K. Kamata and J .  Nishimura,  Suppl .  Progr.  Theore t .  Phys. 
(Kyoto) 6 , 93 (1958).
^See Chap. I I .  f o r  a d i s c u s s i o n  of  the  v a r io u s  a p p ro x i ­
mations used in the cascade  th e o ry .
th r e e -d im e n s io n a l  cascade  theory .  The t h e o r e t i c a l  c a l c u l a t i o n s ?  
u t i l i z e d  an approx im ation  which r eq u i re d  t h a t  the  r ad iu s  R be 
small  compared t o  u n i t y  when expressed  in u n i t s  o f  the  r a d i a t i o n  
le ng th  ( r . l . ) .  Th is  i s  c a l l e d  th e  " c o r e  approx im ation"  s in c e  i t  
i s  v a l i d  only  near the  c o re  of t h e  cascade.
The r e s u l t s  of  th e  th r e e -d im e n s io n a l  cascade  th e o ry ,  as  
d e s c r ib e d  in Chap. 11, show t h a t  w i th in  th e  l i m i t a t i o n  of  the  core  
approx im ation  (R «  1) the  number of  p a r t i c l e s  w i th i n  a d i s t a n c e  R 
of t h e  cascade  a x i s  i s  a f u n c t i o n  only  of the  p roduc t  E0R. There­
f o r e ,  an a t t e m p t  was made to  o b t a i n  s u f f i c i e n t  in fo rm a t ion  about  
E0> th e  primary energy of th e  cascade ,  merely by de te rm in ing  the
r a d i a l  d i s t r i b u t i o n  of  the  cascade  e l e c t r o n s  a t  given d i s t a n c e s  
8from the  o r i g i n .  Th is  f i r s t  a t t e m p t  compared th e  cascade  energy 
p r e d i c t e d  by the  t h r e e -d im e n s io n a l  theo ry  w i th  th e  energy qb ta ined  
from s c a t t e r i n g  measurements on t h e  i n d i v id u a l  cascade  e l e c t r o n s .  
The a t tem p t  was s u c c e s s f u l  in  showing t h a t  th e  shape of th e  t h e ­
o r e t i c a l  d i s t r i b u t i o n  was c o r r e c t ,  but  t h e r e  was a d isc rep a n cy  in 
the  p r e d i c t e d  number o f  p a r t i c l e s .  Th is  d i s c re p a n c y  was a t t r i b u t e d  
to  the  inadequacy of  the  Landau approx im ation  used in o b ta in in g  the
q
t h e o r e t i c a l  curves .
?J.  Nishimura and J. Kidd, Suppl. Nuovo Cimento _1> 1039 
Appendix II (1964).
8K. Pinkau ,  P h i l .  Mag. 2,  1389 (1957).
9k. Kamata and J. Nishimura ,  Suppl.  P rogr .  Theore t .  Phys, 
(Kyoto) 6 , 93 (1958).
A l a t e r  a t t e m p t  to  check e x p e r i m e n t a l l y  the  acc u racy  o f  the  
t h r e e - d im e n s i o n a l  cascade  th e o ry  was r e p o r te d  by the  Japanese 
c o l l a b o r a t i o n . ^  Measured in t h i s  c o l l a b o r a t i o n  was the d i s t a n c e  
between the  two c o re s  of  t h r e e  d o u b le -c o re  cascades ,  each of  which 
could be i n t e r p r e t e d  as the  r e s u l t  o f  a s i n g l e  jt°-meson decay.
Thus, i t  was p o s s i b l e  t o  o b t a in  the  an g le  of  d ive rge nce  of  the 
two y - r a y s  fo r  the  t h r e e  i n d i v id u a l  it0 -meson decays.  Then the  
co re  approx im at ion  cu rves  were used to  de te rm ine  the energy  of  
each y - r a y .  Using t h i s  energy  d e t e r m in a t io n  and the  k inemat ics  
o f  n° -decay ,  i t  was p o s s i b l e  t o  c a l c u l a t e  the  expec ted  va lue  fo r  
the  opening a n g le  of  th e  y - r a y s .  A comparison of  the  measured 
va lues  of  the  opening a n g le s  w i th  the  c a l c u l a t e d  va lues  showed 
good agreement and in d i c a t e d  t h a t  t h e r e  was no s y s t e m a t i c  e r r o r  
in the  cascade  fu n c t i o n  over  the  range of  e n e r g i e s  and d i s t a n c e s  
which were i n v e s t i g a t e d .  The e n e r g i e s  of  th e  i n d i v id u a l  y - r a y s  
f o r  the  t h r e e  d o u b le -c o re  cascades  used in checking  the  t h e o r e t i c a l  
d i s t r i b u t i o n s  ranged from 5® t o  300 BeV. Also ,  i t  appears  from 
the  p u b l i sh e d  da ta  t h a t  cascade  p a r t i c l e s  were counted w i th i n  a 
d i s t a n c e  of  about  7 x 10“3 r . l .  from the  cascade  a x i s .
Another check o f  the  core  approx im at ion  was r e p o r te d  by the 
emuls ion  group a t  the  U n i v e r s i t y  of  B r i s t o l . ^  This  group made a
100. Minakawa, Y. Nishimura,  M. Tsuzuki ,  H. Yamanouchi,
Y. Fujimoto,  S. Hasegawa, J .  Nishimura and K. Niu, Suppl.  Nuovo 
Cimento H., 125 (1959).
^ P .  H. Fowler,  D. H. Perk ins  and K. Pinkau,  Proceed ings  of  
the  Moscow Cosmic Ray Conference,  Moscow, i 960 , e d i t e d  by V. I. 
Z a t s ep in  and B. A. Khrenov, Vol. 2, p. 3^2.
comparison o f  ex p e r im en ta l  r e s u l t s  w i th  the  co re  approxim ation  
cu rves  a f t e r  de te rm in ing  the  cascade  energy  by i n d i v id u a l  s c a t t e r i n g  
measurements on the  cascade  e l e c t r o n s .  They a l s o  made two inde­
pendent  e s t i m a t e s  o f  the  c a s c a d e ' energy  from the  k inem at ic s  o f  n°~ 
decay.  Good agreement was found over  t h e i r  range of  measurements 
which were made up t o  a d i s t a n c e  of  about  10"2 r . l .  from the  cascade  
a x i s  f o r  e n e r g i e s  in the  range I 3O - 1100 BeV.
In summary, expe r im en ta l  ev idence  seems t o  su p p o r t  th e  use of  
th e  c o re  approx im ation  up t o  d i s t a n c e s  of  ~  1CT2 r . l .  from the  
cascade  a x i s  over  the  energy  range 1011 -  1012 eV. However, as  
d i s c u s s e d  in d e t a i l  in Sec.  II .3> t h i s  r a d i a l  d i s t a n c e  i s  j u s t  the 
p o i n t  where th e  c o re  approx im at ion  i s  t h e o r e t i c a l l y  p r e d i c t e d  t o  
begin  t o  d e v i a t e  from the  t r u e  e l e c t r o n  d i s t r i b u t i o n .
One of  the main o b j e c t i v e s  of  t h i s  exper iment  is  to  f i n d  the  
e x p e r im e n ta l  r a d i a l  d i s t r i b u t i o n  of  cascade  p a r t i c l e s  up t o  a 
s i g n i f i c a n t l y  g r e a t e r  d i s t a n c e  from the  a x i s  than  has p r e v i o u s l y  
been r e p o r t e d  in o rd e r  to  check the  co re  approx im at ion .  I t  should  
be emphasized t h a t  in o b t a i n i n g  the  exper im en ta l  d i s t r i b u t i o n s  up 
t o  the  l a r g e r  d i s t a n c e s ,  th e  c o re  approx im ation  is  a ccep ted  as 
be ing  v a l i d  up t o  i t s  proven range o f  v a l i d i t y  ( 10-2 r . l . ) ,  and 
t h i s  range is  used t o  de te rm ine  the  p r im ary  energy  of  a cascade .
Any d e v i a t i o n  from the  c o re  approx im at ion  can then  be found by 
comparing the  exp e r im en ta l  d i s t r i b u t i o n  N(<R) vs E0R up t o  the 
maximum d i s t a n c e s  of  R which a r e  measured w i th  the  t h e o r e t i c a l  
curves  p r e d i c t e d  by the co re  approx im at ion .
The expe r im en ta l  a n g u la r  d i s t r i b u t i o n  of  the  p a r t i c l e s  in 
u l t r a  high energy  e l e c t r o m a g n e t i c  cascades  have not  p r e v io u s l y
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been measured.  However, In t h i s  exper iment ,  the r a d i a l  p o s i t i o n  
and a n g u l a r  o r i e n t a t i o n  of  th e  cascade  p a r t i c l e s  a r e  measured 
s im u l ta n e o u s ly .  Because of  the  r e l a t i o n  between the r a d i a l  and 
a n g u la r  c o o r d i n a t e s ,  i t  i s  p o s s i b l e  in p r i n c i p l e  t o  check any 
d e v i a t i o n  of  the ex p e r im en ta l  r a d i a l  d i s t r i b u t i o n  from the co re  
approx im at ion  curves  by us ing  the  a n g u la r  d i s t r i b u t i o n .  This 
could  be accomplished by f i n d i n g  the ang le  where the  exper im en ta l  
a n g u l a r  d i s t r i b u t i o n  d e v i a t e s  from th e  t h e o r e t i c a l  a n g u la r  d i s t r i ­
b u t io n  in the  core  approx im at ion  and then de te rm in ing  an e f f e c t i v e  
r a d iu s  fo r  the ang le  where the  d e v i a t i o n  occu rs .  Since f a i r l y  
l a rg e  v a lues  of  R co r respond  t o  r e l a t i v e l y  small  a ng le s  0, the 
a n g u la r  d i s t r i b u t i o n  may a c t u a l l y  show a more pronounced d e v i a t io n  
from the  co re  approx im ation  than  the  r a d i a l  d i s t r i b u t i o n .
The a n g u la r  d i s t r i b u t i o n  is  d i s t i n c t  from the  r a d i a l  d i s t r i ­
b u t ion  in t h a t  i t  is  i n s e n s i t i v e  to  th e  p a r t i c u l a r  geom et r ica l  
ar rangem ent of  the  cascade  producing m a t e r i a l .  I f ,  f o r  example,  
the  cascade  producing  m a t e r i a l  is a r ranged  in l a y e r s ,  the  an g u la r  
d i s t r i b u t i o n  of  the  cascade  p a r t i c l e s  a t  any p o i n t  w i l l  depend 
only  on the  d i s t a n c e  from the  cascade  o r i g i n  expressed  in r a d i a t i o n  
l e n g th s .  However, the  r a d i a l  d i s t r i b u t i o n  which i s  a r e s u l t  o f  
the  s c a t t e r i n g  p rocess  and d i f f u s i o n  under the  ang le  a t t a i n e d  in 
the  s c a t t e r i n g  p rocess  is  dependent  on the  arrangement o f  the 
a b s o r b e r .  This  i s  c l e a r  because  the  p a r t i c l e s  w i l l  d i f f u s e  o u t ­
ward in any l e s s  dense m a t e r i a l  or space  between th e  producing  
l a y e r s .
19 rHost d e t e c t o r s  * employed in  i n v e s t i g a t i o n s  invo lv ing  measure­
ments of  high energy  e l e c t r o m a g n e t i c  cascades  have c o n s i s t e d  of 
a l t e r n a t e  l a y e r s  o f  lead o r  tu n g s te n  and n u c le a r  emulsion.  Such 
s t a c k s  a r e  c a l l e d  "sandwich s t a c k s " .  The q u e s t i o n  has remained 
open whether  the  "wavelength"  of  th e  ar rangements  were s u f f i c i e n t l y  
small  compared t o  t h e  r a d i a t i o n  l e n g th  so t h a t  t h e  ab s o rb e r  could 
be t r e a t e d  as a homogeneous medium. Obvious ly ,  a comparison of 
the  a n g u la r  d i s t r i b u t i o n  (which i s  not  dependent  on the  a r r a n g e ­
ment) and th e  r a d i a l  d i s t r i b u t i o n  (which i s  dependent  on the  a r r a n g e ­
ment) w i th  each o t h e r  and w i th  th e  co r respond ing  t h e o r i e s  should 
revea l  any in c o n s i s t e n c i e s .
In complete ana logy to  energy d e t e rm in a t io n s  from th e  r a d i a l  
d i s t r i b u t i o n ,  the  pr imary energy E0 of  an e l e c t ro m a g n e t i c  cascade  
can be de te rmined from i t s  a n g u la r  d i s t r i b u t i o n .  The t h e o r e t i c a l  
a n g u la r  d i s t r i b u t i o n s  N(< 0) vs Eo0 a r e  p r e s e n t e d  in Appendix I II  
f o r  s e v e r a l  d i s t a n c e s  from th e  cascade  o r i g i n .  The va lue  of EQ 
can be ob ta ined  by comparing the  exper im en ta l  d i s t r i b u t i o n  N(< 0) 
vs 0 w ith  the  t h e o r e t i c a l  d i s t r i b u t i o n  N(< 0) vs Eo0 in e x a c t ly  
t h e  same manner as i s  d e s c r ib e d  f o r  the  r a d i a l  d i s t r i b u t i o n  in 
Sec. I V .1. By us ing  the  v a lu e  of  E0 o b ta in ed  from the  an g u la r  
d i s t r i b u t i o n ,  the  e f f e c t i v e  r a d i a t i o n  le ng th  of  a sandwich s t a c k  
having any p a r t i c u l a r  geom et r ica l  arrangement can then be found 
by f i t t i n g  t h e  t h e o r e t i c a l  d i s t r i b u t i o n  N(< R) vs EQR, where R 
i s  expressed  in r a d i a t i o n  l e n g th s ,  t o  th e  exper im en ta l  d i s t r i b u -
^ S e e ,  f o r  example,  Refs. 1, 3» and k.
t i o n  N(< R) vs R w i th  R expressed  in microns .  S ince  Eo i s  known 
from th e  a n g u la r  d i s t r i b u t i o n ,  the  number of  microns per: r a d i a t i o n  
l e n g th  can be determined.
Another  problem c l o s e l y  r e l a t e d  t o  the v a l i d i t y  o f  cascade  
th e o ry  a t  high  ene rg ie s ,  and t h e r e f o r e  t o  th e  i n t e r p r e t a t i o n  of 
cosmic ray d a t a  up to  th e  h ig h e s t  e n e r g i e s  in t h e  e x t e n s i v e  a i r  
shower r e g i o n , i s  th e  t r a n s i t i o n  of t h e  cascade  d i s t r i b u t i o n  cu rves  
from the  reg ion  of  v a l i d i t y  of  the  c o re : a p p ro x im a t io n  t o  th e  reg ion  
of  p r e d i c t e d  v a l i d i t y  of  approxim ation  B. 13 T h e o r e t i c a l l y ,  a t  
l a r g e  R, th e  shape o f  th e  d i s t r i b u t i o n  p r e d i c t e d  by approxim at ion  
B should be independen t  of  pr imary energy and should y i e l d  i n f o r ­
mation on th e  t o t a l  number of  p a r t i c l e s  a t  any dep th .  D e te rminat ion  
of  the  a n g u la r  and r a d i a l  d i s t r i b u t i o n s  a t  l a rg e  d i s t a n c e s  from 
th e  cascade  a x i s  would t h e r e f o r e  be a check on th e  v a l i d i t y  of 
approx im at ion  B.
From th e  c o n s i d e r a t i o n s  g iven above,  i t  appears  t o  be of  
g r e a t  impor tance to  measure t h e  p o s i t i o n s  and ang les  o f  e l e c t r o n s  
in h igh energy e l e c t r o m a g n e t i c  cascades  which a r e  observed  in 
pure  emulsion b locks  and in l ead -em uls ion  sandwich s t a c k s  t h a t  
have been exposed t o  the  cosmic r a d i a t i o n .
At the  p r e s e n t  t ime Louis iana  S t a t e  U n iv e r s i t y  has acqu i red  
about  1*0% (32 l i t e r s )  of  the  o r i g i n a l  80 l i t e r s  of  the  Brawley
l^See Chap. 11 f o r  a d i s c u s s i o n  of  t h e  cascade  th eory  
under approx im ation  B.
pure emuls ion  s tack .  ^  This  s t a c k  c o n s i s t e d  o f  500 s h e e t s  of  
I l f o r d  K-5 n u c l e a r  emuls ion,  each hav ing the  dimens ions 
45 x 60 x 0 .06  cm. This  s t a c k  was launched from Brawley,  C a l i ­
f o r n i a  in 1961 and was recovered a f t e r  having f lown a p p r o x i ­
mate ly  t h i r t y  hours.
In a d d i t i o n  t o  the  pure emulsion from th e  Brawley s t a c k ,  
s e v e r a l  emulsion p l a t e s  have been borrowed from th e  I n s t i t u t e  of  
Nuclear  Research  in Cracow, Poland.  These p l a t e s  a r e  p a r t  of the 
SSS lead -em uls ion  sandwich s t a c k ^  which was i r r a d i a t e d  in I t a l y  
in 1961. This  s t a c k  c o n s i s t e d  of 140 I l f o r d  G-5 n u c le a r  emulsion 
p l a t e s  each having dimensions 25 x 25 x 0.06 cm and 70 lead p l a t e s  
each 2 mm in th i c k n e s s .  The s t a c k  was c o n s t r u c t e d  so t h a t  two 
emuls ion  p l a t e s  were p laced  between a d j a c e n t  lead p l a t e s .  The 
r a d i a t i o n  l e n g th  of  th e  s t a c k  was c a l c u l a t e d  t o  be 8. 1 mm by 
assuming a homogeneous m ix tu re  of lead  and emulsion.  The SSS 
s t a c k  was i r r a d i a t e d  f o r  only  about  f i v e  hours.  T h e re fo re ,  the  
number of  background t r a c k s  i s  c o n s id e r a b ly  l e s s  in the  SSS s t a c k  
than in the  Brawley s tack .  Th is  i s  an im por tan t  advantage  when 
measurements a r e  made f a r  from the  cascade  a x i s  where the  r a t i o  
of  th e  background t r a c k s  to  cascade  t r a c k s  may be r e l a t i v e l y  high.
F. Abraham, J. G i e r u l a ,  R. Levi S e t t i ,  K. Rybicki ,  C. H. 
Tsao,  W. W ol te r ,  R. L. F r icken  and R. W. H uggett ,  " M u l t ip l e  Meson 
P ro d u c t io n  by Heavy Nuclei  of  Cosmic O r ig in  and T h e i r  Fragmentat ion  
Produc ts  a t  Energ ies  Above 10*2 eV." (To be p ub l i she d  in Phys. Rev.)
^ J .  B abeck i , R. Holynsk i ,  S. Krzywdzinski , A. Peeva,
K. Rybicki and W. W ol te r ,  Nukleonika 3, 271 (1964).
The r a d i a l  and a n g u l a r  d i s t r i b u t i o n s  of  s i x  e l e c t ro m a g n e t i c  
cascades  from the  Brawley s t a c k  having e n e rg i e s  in the  range 
8̂ +5 " 2000 BeV have been measured.  The same d i s t r i b u t i o n s  were 
measured f o r  fou r  cascades  from th e  SSS s t a c k  in th e  energy range 
178 -  720 BeV. These measurements p e rm i t t e d  a check of  the  core  
approx im ation  up to  d i s t a n c e s  seven times l a r g e r  than p re v io u s ly  
repo r te d .  A lso ,  approxim ation  B could be checked up t o  th e  
maximum d i s t a n c e s  measured.  The s im ul taneous  measurement of 
r a d i i  and a ng le s  of  t h e  cascade  p a r t i c l e s  provided  a check on 
the  i n t e r n a l  c o n s i s t e n c y  of the  cascade  th e o ry  w i th in  th e  core  
approxim ation  and gave th e  p o s s i b i l i t y  f o r  e s t a b l i s h i n g  the  
e f f e c t i v e  r a d i a t i o n  le ng th  f o r  the  lead-em uls ion  sandwich s tack .
I I .  THEORETICAL SUMMARY
1. The P h y s ic a l  P ro c e s s e s  Involved in  th e  Development 
of an E lec t ro m ag n e t i c  Cascade
When a high energy e l e c t r o n  p a s s e s  th rough m a t t e r ,  most o f  i t s  
energy i s  spen t  in the  r a d i a t i o n  o f  high energy photons.  These 
secondary  photons e i t h e r  undergo m a t e r i a l i z a t i o n  in t o  e l e c t r o n -  
p o s i t r o n  p a i r s  o r  Compton c o l l i s i o n s  which in t u r n  produce  e l e c t r o n s  
w ith  e n e rg i e s  comparable to  t h a t  o f  the  photon. These new e l e c t r o n s  
r a d i a t e  more photons which aga in  m a t e r i a l i z e  or  produce  Compton 
e l e c t r o n s .  At every  new s t e p  th e  number o f  p a r t i c l e s  i n c r e a s e  and 
t h e i r  average  energy d e c re a s e s .  As th e  p ro ces s  goes on, an i n c r e a s ­
ing number of  p a r t i c l e s  f a l l  below the  l i m i t i n g  energy where the  
c o l l i s i o n  lo s s e s  become im por tan t  u n t i l  e v e n t u a l l y  the  energy of  
the  primary  e l e c t r o n  i s  com ple te ly  d i s s i p a t e d .
The phenomena q u a l i t a t i v e l y  o u t l i n e d  above i s  c a l l e d  a ,rcascade  
shower, tr o r  more s p e c i f i c a l l y  an “ e l e c t r o m a g n e t i c  c a s c a d e . "  Obviously ,  
an e l e c t r o m a g n e t i c  cascade  can be i n i t i a t e d  by a high energy photon 
as well  as  a high  energy e l e c t r o n .
The p h y s ic a l  p ro c e s s e s  which a r e  involved  in the  development and 
ev en tu a l  d i s s i p a t i o n  of  an e l e c t r o m a g n e t i c  cascade  a r e  t h e  r a d i a t i o n  
and c o l l i s i o n  p ro c e s s e s  of the  e l e c t r o n s  and th e  i n t e r a c t i o n  p ro c e s s e s  
of  photons w i th  m a t te r .  The l a t t e r  p ro c e s s e s  inc lude  p a i r  p ro d u c t io n ,  
Compton s c a t t e r i n g ,  and th e  p h o t o e l e c t r i c  e f f e c t .
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Most o f  the energy  l o s t  by e l e c t r o n s  undergoing c o l l i s i o n s  whi le  
t r a v e r s i n g  m a t t e r  is  spen t  in e x c i t i n g  atoms or  e j e c t i n g  e l e c t r o n s  
o f  small  energy  from the  atoms and is  thus  cons ide re d  as d i s s i p a t e d .  
However, the energy  l o s t  by r a d i a t i o n  is  f a i r l y  un ifo rm ly  d i s t r i ­
buted among secondary  photons of  a l l  e n e rg i e s  from n e a r ly  z e ro  up 
t o  the  energy  of  the pr imary p a r t i c l e .  The f r a c t i o n a l  energy loss 
per  r a d i a t i o n  le ng th ,  -  y ( ^ ) >  is  p l o t t e d  as a f u n c t i o n  of  the 
in s t a n ta n e o u s  t o t a l  energy  U of the e l e c t r o n  in Fig.  1. The f i g u r e  
compares the  lo ss  due to  c o l l i s i o n  and r a d i a t i o n  f o r  the two absorbers  
a i r  and lead .  I t  is  seen from the  curves  t h a t  on ly  the r a d i a t i o n  
lo s s  is  importan t  f o r  e n e r g i e s  above ~  109 eV in the  case  of  a i r  
and ~  10s eV in the c a s e  o f  lead .
In d i s c u s s i n g  the  i n t e r a c t i o n s  of  high energy  photons with 
m a t t e r ,  the  p h o t o e l e c t r i c  e f f e c t  can be omitted  s in c e  t h i s  process  
becomes l e s s  f r e q u e n t  w i th  i n c r e a s in g  photon energy  and i s  almost  
n o n - e x i s t e n t  a t  cosmic ray  e n e r g i e s .  Thus, the only  impor tan t  i n t e r ­
a c t i o n s  of  the photons in d i s c u s s in g  e l e c t r o m a g n e t i c  cascades  a r e  
Compton s c a t t e r i n g  and p a i r  p roduc t ion :
Shown in Fig. 2 is  the  t o t a l  p r o b a b i l i t y  per  r a d i a t i o n  length  
fo r  Compton s c a t t e r i n g  (H-Con1) ar>d fo r  p a i r  p roduc t ion  as a
fu n c t i o n  of  the  energy  E of  the photon f o r  two a b s o r b e r s ,  a i r  and 
lead .  The f i g u r e s  show t h a t  only  the p a i r  p roduc t ion  p rocess  is  of 
importance fo r  e n e rg i e s  above ~  109 eV in the case  of  a i r  and ~  10s eV
in the  case  of  lead.
From the  above d i s c u s s i o n  i t  is  seen  t h a t  the p h y s ic a l  phenomena 
mainly  r e s p o n s ib l e  fo r  the  development of  high energy  e l e c t ro m a g n e t i c  















Fig.  1. F r a c t i o n a l  energy lo s s  per  r a d i a t i o n  le ng th  f o r  
e l e c t r o n s , - -j  ^  , caused by c o l l i s i o n  and r a d i a t i o n .  The curves  
a r e  given f o r  two a b s o r b e r s ,  a i r  and lead.  From B. Ross i ,  High 
















Fig.  2. The t o t a l  p r o b a b i l i t y  p e r  r a d i a t i o n  leng th  f o r  Compton 
s c a t t e r i n g  (/Licom) » f ° r  p a i r  p ro d u c t io n  (jUpair).  and f o r  e i t h e r  e f f e c t  
(jUcom + I*p a i r )*  P a r t  "a"  i s  f o r  a i r  and p a r t  ,rb'r i s  f o r  lead.  From 
R oss i ,  High Energy P a r t i c l e s  ( P r e n t i c e - H a l 1 , I n c . , Englewood C l i f f s ,  
N . J . ,  1952) p. 84.
in the e l e c t r i c  f i e l d  o f  the nucle i  of  the  a b s o rb e r .  Consequently,  
cascade  th e o ry  de r iv e d  by c o n s id e r i n g  only  th e se  p ro ces se s  is s a t i s ­
f a c t o r y  in the  s o l u t i o n  of  many problems.  The o th e r  p ro c e s s e s  must 
be cons ide re d  i f  the  th e o ry  is  t o  ex tend  t o  the energy  range where 
r a d i a t i o n  and p a i r  p ro d u c t io n  p ro ces s e s  a r e  no longer  the most 
im por tan t  ones.
2. Summary of  the Development o f  Cascade Theory
Under the  assumpt ion t h a t  the o r d in a r y  laws o f  quantum e l e c t r o ­
dynamics can be e x t r a p o l a t e d  to  cosmic ray e n e r g i e s ,  a q u a n t i t a t i v e  
theo ry  of  the  e l e c t r o m a g n e t i c  i n t e r a c t i o n s  o f  cosmic rays w i th  m a t te r  
has been d e v e l o p e d . ^  The r e s u l t s  have proven to  be ex t remely  use­
f u l  in the  e x p l a n a t i o n  of  some very  complex cosmic ray  phenomena.
In p a r t i c u l a r ,  the  th e o ry  of  the  e l e c t r o m a g n e t i c  cascade  has been 
developed t o  the  p o i n t  where most of i t s  fundamental  f e a t u r e s  a r e  
qui t e  w e l1 known.
In the e a r l y  days o f  shower theo ry  the  problem was cons ide red  
as  one-d im ens iona l  in the r e s p e c t  t h a t  the l o n g i t u d i n a l  development 
and l a t e r a l  spread  o f  showers were t r e a t e d  as two s e p a r a t e  problems.  
More s p e c i f i c a l l y ,  the  dependence of  the f u n c t i o n s  d e s c r ib i n g  the 
shower on the t h i c k n e s s  t  o f  the m a t t e r  t r a v e r s e d  was f i r s t  d e t e r ­
mined by n e g l e c t i n g  the  pa th  i n c re a s e  due t o  the a n g u la r  spread  of  
the  shower p a r t i c l e s .  The l a t e r a l  spread around the  a x i s  and the 
an g u la r  d i s t r i b u t i o n  of  the  shower p a r t i c l e s  were then in v e s t i g a t e d
This theo ry  is  a r e s u l t  o f  the combined e f f o r t s  of  many 
workers in the  f i e l d .  For complete r e f e r e n c e s  and a comprehensive 
survey  see B. Rossi and K. Gre isen ,  Rev. Mod. Phys. JL̂ , 2^0 (19^1)*
by making use of  the  in fo rm at ion  o b ta in ed  from the s o l u t i o n  of  the 
l o n g i t u d i n a l  development.  This s e p a r a t i o n  is j u s t i f i e d  only  i f  
a t t e n t i o n  is r e s t r i c t e d  to  the  behav ior  of  high energy  p a r t i c l e s  
where the  an g le s  o f  emiss ion  of  secondary  e l e c t r o n s  and photons a r e  
small  and a l s o  where the  s c a t t e r i n g  of  the  e l e c t r o n s  is  n e g l i g i b l e .
Since the phenomena mainly r e s p o n s i b l e  f o r  the g e n e ra t io n  of  
showers a r e  r a d i a t i o n  p rocesse s  and p a i r  p ro d u c t io n ,  i t  is con­
v e n i e n t  in cascade  theo ry  to  measure t h i c k n e s s  in " r a d i a t i o n  l e n g th s " .  
This  u n i t  o f  leng th  f o r  a given medium is  equal  to  the  mean d i s t a n c e  
through which an e l e c t r o n  must pass  f o r  i t s  energy to  be reduced 
by the  r a d i a t i o n  p rocess  to  1/e of  i t s  o r i g i n a l  v a lu e .  The r a d i a t i o n
le ng th  X fo r  a given m a t e r i a l  is de f in e d  by the eq u a t io n  
o
_1_ = Zfo-J- Z2 rs ln(l83Z"'5') . (11 .2 .1 )X A e v '
o
This u n i t  o f  length  c o n t a in s  the m a t e r i a l  c h a r a c t e r i s t i c s  of  a given
ab s o rb e r .  T h ere fo re ,  when expressed  in r a d i a t i o n  l e n g th s ,  the
t h e o r e t i c a l  e x p re s s io n s  fo r  the  p r o b a b i l i t i e s  o f  r a d i a t i o n  and p a i r
p roduc t ion  a r e  p r a c t i c a l l y  independent  o f  atomic  number in the l i m i t
of high  e n e r g i e s .  The symbols used in the  d e f i n i t i o n  of  X̂  a r e  the
usua l  ones.  That i s ,  N is  Avogadro 's  number, A is  the  mass number,
Z is  the  atomic  number, a  is the  f i n e  s t r u c t u r e  c o n s t a n t  (o? = 1/137)>
and r is the c l a s s i c a l  r ad iu s  of  the e l e c t r o n .  The above e x p re s s io n  e
f o r  X has been c a l c u l a t e d  by c o n s id e r i n g  on ly  the e f f e c t  o f  the 
o
e l e c t r i c  f i e l d  of  nuc le i  and d i s r e g a r d i n g  the e l e c t r i c  f i e l d s  of  
atomic  e l e c t r o n s .  The e f f e c t  of  the  e l e c t r o n s  can be inc luded by 
simply  changing Z2 i n t o  Z2 + Z = Z(Z+l) in the d e f i n i t i o n  o f  X .
Most o f  the r e s u l t s  of  cascade  th e o ry  r e f e r  t o  the  average
behav io r  of  the showers.  One u s u a l l y  wants to  know th e  average
number o f  e l e c t r o n s  (or  photons)  w ith  energy  g r e a t e r  than  E t h a t
emerge from a l a y e r  of  ab s o rb e r  w i th  t h i c k n e s s  t .  The " f l u c t u a t i o n "
17problem is  concerned w i th  e s t i m a t i n g  the  p r o b a b i l i t y  of  a given
d e v i a t i o n  from t h i s  average  b ehav io r .  Even the  d i s c u s s i o n  of  the
average  behav ior  of  a shower r e p r e s e n t s  a d i f f i c u l t  mathematical
problem, and c onsequen t ly  the  s o l u t i o n s  a r e  i n v a r i a b l y  given under
s p e c i f i e d  approx im at ions .
In cascade  th e o ry  "approx im at ion  B" i s  th e  s t a n d a rd  approx im ation .
In t h i s  approx im ation  the  Compton e f f e c t  i s  n e g l e c te d ,  the  r a t e
of  energy  lo s s  by c o l l i s i o n  is  taken  to  be a c o n s t a n t ,  and the
asym pto t ic  formulas  of  comple te s c r e e n in g  f o r  r a d i a t i o n  and p a i r
p ro d u c t io n  a r e  used.  The c o n s t a n t  e is  c a l l e d  the c r i t i c a l  energy .
An e l e c t r o n  having energy  e is  brought  t o  r e s t  as  a r e s u l t  o f  c o l l i s i o n
lo s s e s  in one r a d i a t i o n  le ng th .  The s p e c i a l  case  of  approx im ation  B
when c o l l i s i o n  energy  lo s s  is  n e g lec te d  i s  known as "approx im at ion  A."
The em iss ion  of  photons by e l e c t r o n s  is  connected w i th  the
d e f l e c t i o n  o f  t h e i r  t r a j e c t o r i e s  in the e l e c t r i c  f i e l d  of  n u c l e i .
The d i s t a n c e  from the  nucleus  a t  which r a d i a t i o n  phenomena occur
p lays  an e s s e n t i a l  r o l e  in the development o f  the theo ry .  I t  tu rn s  
18out  t h a t  the r a d i a t i o n  p ro c e s s e s  of  e l e c t r o n s  take  p la c e  a t  
d i s t a n c e s  from the  nucleus  t h a t  a r e  l a rg e  compared w i th  the  n u c l e a r  
r a d iu s ,  and thus  the  nucleus  can be cons ide re d  as a p o i n t  charge .
I t L. Janossy  and H. Messel,  Proc.  Phys. Soc. (London) A 63 ,
1101 (1959).
18B. Ross i ,  High Energy P a r t i c l e s ,  ( P r e n t i c e - H a l l ,  I n c . ,  
Englewood C l i f f s ,  N . J . ,  1952), Chap. P* 214.
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However, the s c r e e n in g  e f f e c t  of  the o u te r  e l e c t r o n s  is o f t e n  impor tan t .
19This e f f e c t  has been c a l c u l a t e d ,  and the th e o ry  i n d i c a t e s  t h a t  the 
in f lu e n c e  of  s c re e n in g  on a r a d i a t i o n  p rocess  in which an e l e c t r o n  
having k i n e t i c  energy  E produces a photon w i th  energy  E' is  d e t e r ­
mined by the q u a n t i t y
V - 100 i f t  &
where v is the r a t i o  E' /(E+mc2 ) and m is the  r e s t  mass o f  the e l e c t r o n .  
The sc r e e n in g  is  g r e a t e r  f o r  sm a l l e r  va lues  of  y . For Yr >> 1 
s c r e e n in g  can be n e g l e c te d .  The term "complete s c r e e n i n g "  is  used 
fo r  the case  Yr “* 0. I f  the  pr imary e l e c t r o n  energy  E i s  la rge  
enough, s c r e e n in g  may be co n s id e re d  as  complete f o r  a l l  e n e rg i e s  of  
the em i t t e d  photons .
The in f lu e n c e  o f  s c r e e n in g  in the  p a i r  p ro d u c t io n  p rocess  in 
which a photon of  energy  E m a t e r i a l i z e s  i n t o  an e l e c t r o n  and p o s i t r o n  
w i th  the p o s i t r o n  having k i n e t i c  energy E' i s  determined by the 
q u a n t i t y
2 , 1m e  1 , - 3Y = 100  ------77— r  Z 3 , (I 1 .2 .3 )p E v ( l - v ;
E1 + me3where v = ----- -------- i s  the  f r a c t i o n a l  energy  of  the  p o s i t r o n .  Again,
the  c a s e  where Yp ”* 0 is  r e f e r r e d  t o  as "complete s c r e e n in g "  and 
fo r  l a rg e  e n e r g i e s  of  the pr im ary photon the s c r e e n in g  may be con­
s id e r e d  as  complete.
^ H .  A. Bethe and W. H e i t l e r ,  Proc.  Roy. Soc. A 1^6, 83
(193*0.
By c o n s id e r i n g  the  v a r io u s  p roduc t ion  and a b s o r p t i o n  phenomena
t h a t  take  p la c e  in an i n f i n i t e s i m a l  l a ye r  d t  o f  the  a b s o r b e r ,  one
may o b ta in  a s e t  o f  e q u a t io n s ,  known as the  d i f f u s i o n  e q u a t io n s ,
which d e s c r i b e  the v a r i a t i o n  w i th  t h i c k n e s s  in the  number of  e l e c t r o n s
20and photons o f  each  energy  i n t e r v a l .  The d e r i v a t i o n  of the  
d i f f u s i o n  e q u a t io n s  is  o u t l i n e d  below. A t t e n t i o n  has been r e s t r i c t e d  
t o  the  high energy  reg ion  In which the assumptions  of  approxim ation  
B a r e  v a l i d .  In the  e q u a t i o n s ,  a l l  t h i c k n e s s e s  a r e  measured in 
r a d i a t i o n  l e n g th s .
The fo l l o w in g  n o t a t i o n  and d e f i n i t i o n s  a r e  in t roduced :
(a) D i f f e r e n t i a l  e l e c t r o n  spectrum, i t (E , t )dE: average  number of  
e l e c t r o n s  ( p o s i t i v e  and ne g a t iv e )  a t  the t h i c k n e s s  t  w i th  energy 
between E and E + dE.
(b) D i f f e r e n t i a l  photon spect rum, y(W,t)dW: average  number 
o f  photons a t  the t h i c k n e s s  t  w ith  energy between W and W + dW.
(c) I n t e g r a l  e l e c t r o n  spectrum, IT(E, t ) :  average  number of
e l e c t r o n s  w i th  energy  l a r g e r  than E a t  the t h i c k n e s s  t .
n ( E , t )  = / “ ^ ( E ' ,  t )dE- (11 .2 .4 )
(d) I n t e g r a l  photon spec trum, T(W,t) :  average  number of
photons with  energy  l a r g e r  than W a t  the t h i c k n e s s  t .
r (W,t) = JyYfWSOdW' ( M . 2 . 5 )
In the  e l e c t r o n - p h o t o n  ( e l e c t ro m a g n e t i c )  cascade ,  the number of  
e l e c t r o n s  w i th  energy  between E and E+dE undergoes a change in a
P0
B. Rossi and K. Gre isen ,  Rev. Mod. Phys. _13., 240 (1941).
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t h i c k n e s s  d t  o f  th e  a b s o rb e r  because  of  the fo l low ing  e f f e c t s :
(a) Photons w i th  energy  W l a r g e r  than  E produce e l e c t r o n s  
(both p o s i t i v e  and n e g a t iv e )  in th e  energy  range (E,dE).  The number 
produced is
d E d t . 2 j ”v ( W , t ) t ( f ) ^  = d E d t . 2 ^ Y ( f , t ) M u ) 4 j j  , ( I I . 2 .6 )
where u = E/W. The d i f f e r e n t i a l  p a i r  c r e a t i o n  p r o b a b i l i t y  per  
r a d i a t i o n  leng th  f o r  a photon of  energy  W to  produce one e l e c t r o n  
p a i r  in which the  p o s i t r o n  has f r a c t i o n a l  energy  between u and 
u+du i s  f o r  complete  s c r e e n in g
*'(W,E)dV = * ( f ) ^  ,
and
t ( u ) d u  = [u2 + (1-u )3 - ^  -  2 b ) u ( l - u ) ] d u  , (11 .2 -7)
w i th  b =    — .
18 ln ( l8 3 Z - t )
(b) The e l e c t r o n s  w i th  energy  in the i n t e r v a l  (E,dE) may leave  
t h i s  i n t e r v a l  by r a d i a t i n g  p a r t  o f  t h e i r  energy  w h i le  e l e c t r o n s  with  
ene rgy  E' l a r g e r  than  E may e n t e r  the  i n t e r v a l  by r a d i a t i o n  lo s s .
The ne t  change in t h e i r  number i s  given by
dEdt[ -J ’̂ ( E , t ) < f ( | ) ^ |  + j ” rt(E',t)<!> ( l - E ' / E ) — ] = (11 .2 .8 )
dEdt J ^ [ - i r (E ,  t )  + * ( j f ^ )  I* (v)dv ,
where
4>(v)dv = [1 + ( l - v ) 2 - ( l - v ) ( |  -  2 b ) ]■—  ( I I . 2 .9)
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i s  the  complete s c r e e n i n g  d i f f e r e n t i a l  r a d i a t i o n  p r o b a b i l i t y  per  
r a d i a t i o n  leng th  fo r  an e l e c t r o n  of  energy  E t o  emit  a photon w i th  
f r a c t i o n a l  energy  between v and v+dv. Note t h a t  in the  f i r s t  
i n t e g r a l  v = E/W, w hi le  in the  second i n t e g r a l  v = 1 -  E/E1.
(c) An e l e c t r o n  lo se s  an amount of  energy  ed t  in a th i c k n e s s  
d t  by the  c o l l i s i o n  p ro c e s s .  Therefore, ,  as  a r e s u l t  o f  c o l l i s i o n ,  
jt(E+dE)edt e l e c t r o n s  e n t e r  the  i n t e r v a l  (E,dE) and r t(E)edt  e l e c t r o n s  
leave  t h i s  i n t e r v a l .  The ne t  change in t h e i r  number is
[rt(E+dE) -  j t (E ) ]ed t  = e | f  dEdt . (11 .2 .10)
S i m i l a r l y ,  the  number of  photons w i th  energy  between W and W+dW
in the t h i c k n e s s  d t  undergoes changes because of  the  fo l low ing  e f f e c t s :
(a) E l e c t ro n s  w i th  energy  E l a r g e r  than  W r a d i a t e  photons in
the  energy  i n t e r v a l  (W,dW). This  number is
dWdtJ*“ jc(E, t)«f (^ )^ f  = d W d t J ^ r t ^ t M v ) ^  , (11.2.11)
where (v)dv is  as  a l r e a d y  d e f ined  and v = W/E.
(b) Photons i n i t i a l l y  in the  i n t e r v a l  (W,dW) a r e  absorbed  by 
p a i r  p ro d u c t io n .  The i r  number is
dWdty (W, t)cr ,
0
where o i s  the  t o t a l  p r o b a b i l i t y  per  r a d i a t i o n  leng th  fo r  p a i r  
o
p roduc t ion  as d e f in e d  by
CT = r1" m/W iKu)du = 7 /9  -  b /3  • ( 11. 2 . 12)
o  ̂m/w
Consequent ly ,  the  d i f f u s i o n  e q u a t io n s  which g ive  the  v a r i a t i o n  
in the  number o f  e l e c t r o n s  and photons ,  r e s p e c t i v e l y ,  in an e l e c t r o ­
magnet ic  cascade  under approx im at ion  B a r e  o b ta in ed  by combining the 
above e f f e c t s  t o  give
The d i f f u s i o n  eq u a t io n s  under approxim ation  A a r e  immediately 
o b t a i n a b l e  from th e s e  by t a k in g  e = 0 in the  one term where i t  
appears  in th e  e x p re s s io n  fo r  ^  .
I t  should be noted t h a t  the d i f f u s i o n  eq u a t io n s  do not  e x p l i c i t l y  
c o n t a in  any q u a n t i t y  t h a t  depends on the  p r o p e r t i e s  of the  m a t t e r  in 
which the  shower p ro p a g a t e s .  This i s  a d i r e c t  consequence of  
e x p r e s s in g  d i s t a n c e s  in r a d i a t i o n  l e n g th s .  As long as t h i s  u n i t  o f  
l eng th  is  used and e n e r g i e s  a r e  measured in terms of  the  c r i t i c a l  
energy ,  the shower th e o ry  under approx im ation  B g ives  e x a c t l y  the 
same r e s u l t  f o r  a l l  m a t e r i a l s .
I t  is  a l s o  noteworthy  t h a t  the  c r o s s  s e c t i o n s  f o r  r a d i a t i o n  
and p a i r  p ro d u c t io n  do not  depend e x p l i c i t l y  on th e  energy  o f  the 
p a r t i c l e ,  bu t  on ly  on the  r a t i o  o f  the  energy  of  the  secondary  
p a r t i c l e  to  t h a t  of  th e  i n c id e n t  p a r t i c l e .  Consequent ly,  the  i n t e g r a l s  
a r e  in such form t h a t  the  Mell in  t r a n s f o r m a t io n  may be used to  o b ta in
(11 .2 .14)
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the s o l u t i o n  o f  the cascade  e q u a t i o n s .  The problem under a p p ro x i ­
mation A can be so lved  com ple te ly .  The i n c lu s io n  o f  t h e .co l  1 i s ion  
lo s s  in approx im ation  B mere ly  adds a term to  the d i f f u s i o n  eq u a t io n s  
fo r  approx im at ion  A, but  t h i s  r e q u i r e s  t h a t  the s o l u t i o n  be approximate 
in t h a t  h ighe r  o rde r  terms a r e  n e g le c te d .  However, t h i s  s o l u t i o n  is 
b e l i e v e d  to  be good f o r  e n e r g i e s  not s m a l l e r  than  about  twice the 
c r  i t  i ca 1 energy.
The d e t e rm in a t io n  o f  the energy  d i s t r i b u t i o n  of  e l e c t r o n s  and 
photons having e n e r g i e s  small  compared w i th  the c r i t i c a l  energy 
c o n s t i t u t e s  a very  d i f f i c u l t  ma thematica l  problem. In t h i s  low 
energy  reg ion  the  a sym pto t ic  e x p r e s s io n s  fo r  p a i r  p ro d u c t io n  and 
r a d i a t i o n  p r o b a b i l i t i e s  cannot  be used, and the  Compton e f f e c t  as  
w e l l  as  the p ro d u c t io n  of  secondary  e l e c t r o n s  b y . c o l l i s i o n  must be 
taken in t o  c o n s i d e r a t i o n .  The r e s u l t  is t h a t  the eq u a t io n s  become 
so  involved t h a t  i t  is im p r a c t i c a l  to  a t t e m p t  an a n a l y t i c a l  s o l u t i o n .  
T he re fo re ,  no genera l  e x p r e s s io n s  e x i s t  fo r  the low energy  end of  
the spectrum and such problems a r e  t r e a t e d  i n d i v i d u a l l y  by numerical  
methods.
The r e s u l t s  of  the  one-d im ens iona l  cascade  th eory  under a p p ro x i ­
mations A and B fo r  the  i n t e g r a l  e l e c t r o n  spectrum a r e  given in the 
form o f  graphs in F igs .  3 ar>d *+, r e s p e c t i v e l y .  The e x p re s s io n s  f o r  
the  s p e c t r a  depend on ly  on the t h i c k n e s s  t  and the r a t i o  of  the 
i n i t i a l  energy  to  the energy  o f  the observed shower p a r t i c l e s .  For 
a g iven va lue  o f  t h i s  r a t i o ,  the  i n t e n s i t y  of  the  spectrum in c re a s e s  





Fig.  3- The t o t a l  number n(E0 , E , t )  of e l e c t r o n s  having energy g r e a t e r  1j:han E in  a shower 
i n i t i a t e d  by an e l e c t r o n  o f  energy Eg as a f u n c t i o n  o f  t h e  dep th  t  in  an abso rber .  Computed 
f o r  v a r io u s  va lues  of  E g / E  accord ing  to  approxim ation  A. From B. R oss i ,  High Energy P a r t i c l e s  
( P r e n t i c e - H a l l ,  I n c . ,  Englewood C l i f f s ,  N . J . ,  1952) p. 2^9.
&
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Fig. k. The t o t a l  number II(Eo , 0 , t )  of  e l e c t r o n s  in a shower i n i t i a t e d  by an e l e c t r o n  of 
energy E q  as a f u n c t i o n  of the  dep th  t  in an abso rber .  Computed f o r  v a r i o u s  v a lues  o f  Eg/fO 
under approx imat ion B. From B Ross i ,  High Energy P a r t i c l e s  ( P r e n t i c e - H a l 1, I n c . ,  Englewood 
C l i f f s ,  N . J . , 1952) p. 258.
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To meet the needs of  improved ex p e r im en ta l  t e c h n iq u e s ,  Kamata 
21 22and Nishimura ’ developed the  t h r e e -d im e n s io n a l  cascade  theory .
This t h r e e -d im e n s io n a l  theo ry  was c o n s t r u c t e d  from the  one-d im ens ional  
theo ry  and the th e o ry  of  Coulomb s c a t t e r i n g .  The l a t e r a l  spread  of  
a cascade  due t o  d e f l e c t i o n s  a r i s i n g  from the r a d i a t i o n  and p a i r  
c r e a t i o n  p ro ces se s  a r e  known to  be n e g l i g i b l e  when compared with  
the  c o n t r i b u t i o n  of  Coulomb s c a t t e r i n g ,  exce p t  a t  the beg inn ing  of  
the  shower development.  T he re fo re ,  they  a r e  n e g le c te d .
Following Kamata and Nishimura,  one can c o n s id e r  the  l a t e r a l  
and a n g u la r  v a r i a t i o n  of  e l e c t r o n s  t o  be the  r e s u l t  o f  Coulomb 
s c a t t e r i n g  in a t h i c k n e s s  d t  of  an a b s o r b e r .  One can d e f in e  
a (0 )  d9 t o  be the p r o b a b i l i t y  t h a t  an e l e c t r o n  is  s c a t t e r e d  through 
an a n g le  between 9 and 0 + d9 w hi le  t r a v e l i n g  the given th i c k n e s s  
d t .  The v a r i a t i o n  o f  the  number of e l e c t r o n s  in the  s p a t i a l  and 
a n g u la r  i n t e r v a l s  ( r ,  d r )  and (9, d9) is  caused by:
(a) An e l e c t r o n  a t  a p o s i t i o n  ( r ,  d r )  t r a v e l i n g  a t  an ang le
" ♦  —*
9 w i th  the cascade  a x i s  w i l l  be l a t e r a l l y  d i s p la c e d  9dt  in the
th i c k n e s s  d t .  T he re fo re ,  an e l e c t r o n  a t  r a t  the  depth  t  w i l l  be 
a t  r + 0dt  a t  the  depth  t  + d t .  Thus ,
x ( t  + d t ,  r ,  9) = x ( t ,  r -  9d t ,  9)
(11 .2 .15)
, —► —*. —♦
= r t( t ,  r ,  0) -  0 d t ^  .
Nishimura and K. Kamata, Progr .  Theore t .  Phys. (Kyoto)
1 , 185 (1952).
22 K. Kamata and J .  Nishimura,  Suppl.  Progr .  Theore t .  Phys. 
(Kyoto) 6,  93 (1958).
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(b) An e l e c t r o n  t r a v e l i n g  in the  d i r e c t i o n  (0 1, d0 1) a t  the  
depth  t  w i l l  be s c a t t e r e d  by Coulomb s c a t t e r i n g  in t o  th e  i n t e r v a l  
(0, d0) w h i le  the e l e c t r o n s  o r i g i n a l l y  in the  i n t e r v a l  (0, d0) w i l l  
be s c a t t e r e d  out  of  t h i s  i n t e r v a l .  The ne t  v a r i a t i o n  caused by • 
s c a t t e r i n g  i s  given by
_ nCD —» —* —¥ —* ci CO
d t [  J  o-(0-9I ) Jt ( 0 , )d0 '  -  J a ( 0 ' ) j t ( 0 ) d 0 ' 3  . (11 .2 .16)
mm CO mm 00
Since a photon does not  s u f f e r  Coulomb s c a t t e r i n g ,  only  a 
s ta t e m e n t  e x a c t l y  s i m i l a r  to  (a) above a p p l i e s  to  the  v a r i a t i o n  in 
the  number o f  photons in an i n t e r v a l  (0, d©) a f t e r  t r a v e r s i n g  a 
t h i c k n e s s  d t  of  ab s o rb e r .
Adding the se  e x p re s s io n s  to  the one-d im ens iona l  d i f f u s i o n  
e q u a t io n s  given  e a r l i e r ,  we have f o r  the b a s i c  d i f f u s i o n  eq u a t io n s  
in the  th r e e -d im e n s io n a l  cascade  th e o ry  under approx im ation  B:
| S + - e | a  = j " a ( 0 - 0 ' )  n ( 0 ' ) d i '  - f a ( 0 ' )  * (1 )d0 '
+ 2 t)i]r(u)^-j + t ) " rt(E> Ol 'i ’ (v)dv + e | |  (11-2 .17)
+ 0 ^  = J  «(—, t)<l> (v)—  - cr y(w, t )  (I 1.2.  18)d t  dr  J o v v o
As b e f o r e ,  approxim ation  A is  immediately o b ta in ed  from these  
eq u a t io n s  by tak ing  e = 0.
p?.
Kamata and Nishimura o b ta in ed  a s o l u t i o n  to  th e s e  equa t ions  
both  w i th  and w i thou t  the use of  the Landau approx im at ion .  This
2 3 1 b i d .
approx im at ion  amounts t o  expanding the  fu n c t i o n  j t ( t , 9 '+ 9 )  in a
Taylor  s e r i e s  of  9 1 so t h a t  the v a r i a t i o n  in the  number o f  shower
• • • /""* —♦.p a r t i c l e s  in the  i n t e r v a l  (9, d0) due to  s c a t t e r i n g  can be expressed
by
d t { j " j T * @ )  + e*Veat(0) ? % * ( 0 )
+ . . . ] a ( 0 ' ) d 0 '  -  J “ j r ( 0 ) a ( 0 ' ) d e ' }  . (11 .2 .19)
—  00
The f i r s t  term in the  s e r i e s  is c anc e led  by th e  second i n t e g r a l ,
w h i le  the  second term v an i sh es  because  of  a x i a l  symmetry of  the
s c a t t e r i n g  p r o b a b i l i t y .  The t h i r d  term is  p r o p o r t i o n a l  to  the  mean
square  an g le  of  the s c a t t e r i n g  which can be r e p r e s e n t e d  by 
1 Es-(■jp-)2 , where Eg = 21 MeV is  the  s o - c a l l e d  s c a t t e r i n g  energy .
Large d e f l e c t i o n s  o f  a p a r t i c l e  p a s s in g  th rough an ab s o rb e r  
a r e  more l i k e l y  to  occur  in s i n g l e  c o l l i s i o n s ,  w h i le  small  
d e f l e c t i o n s  a r e  g e n e r a l l y  caused by many c o l l i s i o n s .  The r e s u l t  
o f  s i n g l e  c o l l i s i o n s  is  r e f e r r e d  t o  as " s i n g l e  s c a t t e r i n g " ,  the 
r e s u l t  o f  a smal l  number o f  c o l l i s i o n s  as " p l u r a l  s c a t t e r i n g " ,  and 
the  r e s u l t  o f  a l a rg e  number of  c o l l i s i o n s  as " m u l t i p l e  s c a t t e r i n g " .
The Landau approx im at ion  co r responds  t o  the th e o ry  of  m u l t i p l e  
s c a t t e r i n g  fo r  a s i n g l y  charged p a r t i c l e .  The c o n t r i b u t i o n s  of  p l u r a l  
and s i n g l e  s c a t t e r i n g  a r e  no t  inc luded ,  s i n c e  the h ighe r  moments of  
the  Ru the r fo rd  c r o s s  s e c t i o n  a r e  n e g le c te d .  T he re fo re ,  the cascade 
d i s t r i b u t i o n s  so  d e r iv e d  w i l l  be in e r r o r  a t  l a rg e  a ng le s  and d i s ­
t a n c e s .  The d i s t r i b u t i o n s  under the Landau approx im ation  do not  
com ple te ly  ag ree  w i th  the more e x a c t  ones o b ta in ed  w i thou t  t h i s
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approxim ation  even in the  l i m i t  o f  smal l  a n g le s  and d i s t a n c e s .
The s o l u t i o n  w i thou t  the  Landau approx im ation  is based on
2kM o l ie r e ' s  s c a t t e r i n g  theo ry  f o r  a s i n g l y  charged p a r t i c l e  which
does inc lude  the  c o n t r i b u t i o n s  o f  s i n g l e  and p l u r a l  s c a t t e r i n g .
25Extens ive  s t u d i e s  r evea l  t h a t  th e se  e f f e c t s  give  not  only  a major 
c o n t r i b u t i o n  in the reg ion  of  l a rg e  d e f l e c t i o n  ang les  and d i s t a n c e s  
bu t  a l s o  a p p r e c i a b l e  c o n t r i b u t i o n  even in the  l i m i t  o f  smal l  ang les  
and d i s t a n c e s .  The s o l u t i o n s  of  the cascade  e q u a t io n s  w i thou t  the 
Landau approxim ation  a r e  b e l i e v e d  to  r e p r e s e n t  w e l l  the  l a t e r a l  and 
a n g u la r  spread  of the e l e c t r o m a g n e t i c  cascade .
The l a t e r a l  and a n g u l a r  s t r u c t u r e  f u n c t i o n s  a r e  r a t h e r  compli­
c a t e d  e x p re s s io n s  and w i l l  no t  be reproduced here .  They may be 
found in Ref. 22 where they  a r e  de r ived  both  w i th  and w i th o u t  the 
Landau approx im ation .
T h e o r e t i c a l  l a t e r a l  cascade  d i s t r i b u t i o n s  were f i r s t  c a l c u l a t e d  
us ing  the  t h r e e -d im e n s io n a l  cascade  theory  w i th  the Landau approximat ion .  
These d i s t r i b u t i o n s  did  not  ag ree  w i th  ex p e r im en ta l  r e s u l t s  because 
o f  the inadequacy of  t h i s  approx im at ion ,  but  they  did show t h a t
N(<R) depended only  on the p roduc t  E R. This was a m i le s to n e  in
0
the a p p l i c a t i o n  of  the theo ry  s in c e  i t  p r e s e n te d  the p o s s i b i l i t y  of  
o b t a i n i n g  the  pr imary energy  of  a cascade  by simply  coun t ing  the  
number of  e l e c t r o n s  w i th in  some c i r c l e  about  the cascade  a x i s .
2V A. Bethe,  Phys. Rev. 8£, 1256 (1953).
^ H .  S. Snyder and W. T. S c o t t ,  Phys. Rev. j[6, 220 (19^9). 
K. Pinkau,  P h i l .  Mag. 2, I389 (1957)*
2 7  2 8Later  c a l c u l a t i o n s  ’ us ing  the  cascade  th e o ry  w i th o u t  the Landau 
approx im at ion  were in good agreement w i th  expe r im en ta l  r e s u l t s .  
However, the  t r a n s i t i o n  curves  so d e r iv e d  a r e  v a l i d  on ly  fo r  small  
va lues  o f  R s in c e  they  were o b ta in ed  under th e  approx im ation  t h a t  
R be small  compared t o  u n i t y .  (R i s  expressed  in u n i t s  o f  r a d i a t i o n  
l e n g t h . )
The r e s u l t s  of  the  c a l c u l a t i o n  of  the  l a t e r a l  d i s t r i b u t i o n  of
e l e c t r o n s  fo r  a cascade  i n i t i a t e d  by an e l e c t r o n  p a i r  a r e  given in
the  form of t r a n s i t i o n  curves  in Fig. 5a* The cu rves  show the  number
o f  e l e c t r o n s  lo c a te d  w i th i n  a c i r c l e  o f  r a d iu s  R about  the  cascade
a x i s  as  a fu n c t i o n  of  the depth  t  in the ab s o rb e r  f o r  v a r io u s  va lues
of  the  param ete r  E R. The same r e s u l t s  a r e  shown in Fig.  5b as a
fu n c t i o n  of  E R w i th  t  as  a param ete r ,  
o
3 . L im i t a t i o n  to  the Core Approximation
I t  has been a n t i c i p a t e d  t h a t  the cascade  d i s t r i b u t i o n s  c a l c u ­
l a t e d  w i th i n  the  framework of  the  core  approx im ation  ( R « l )  may have
been used beyond t h e i r  range o f  v a l i d i t y  to  de termine  the pr imary
29e n e rg y  of  e l e c t r o m a g n e t i c  c a s ca d es .  To emphasize t h i s  f a c t ,
^ J .  M. Kidd, Nuovo Cimento 22, 57 (19&3)*
28 P. H. Fowler,  0. H. P e rk in s ,  and K. Pinkau,  Proceed ings  of  
the Moscow Cosmi c Ray Conference,  Moscow, i 960 , edi ted  by V. I . 
Z a t s e p in  and B. S. Khrenov, Vol. 2, p. 302.
29 K. Pi nkau,  Proceedi ngs o f  I n t e r n a t  i o n a 1 Conference on Cosmi c 
Rays, Ja i pu r ,  Ind ia ,  1963, e d i t e d  by R. R. Danie l ,  P. J .  Lavakave,
M. G. K. Menon, S. Navanan, N. W. Nerurkar ,  Yash Pal ,  and B. V. 
S reekan tan  (The Commercial P r i n t i n g  P re s s ,  Limited,  Bombay, Ind ia ,  







Fig.  5a. T r a n s i t i o n  curves  f o r  a cascade  i n i t i a t e d  by an 
e l e c t r o n  p a i r .  The curves  a r e  c a l c u l a t e d  with  the  c o re  approximat ion 
f o r  G-5 emulsion.  From Kidd, Nuovo Cimento 22, 57 (1963)-
10 10 10 10 10 10 10 10 10 10 10 10
E 0 R ( B e V . x  r.l.)
Fig.  5b. Curves of  N(<R) vs EqR w i th i n  th e  co re  approximation.  
The r a d i a t i o n  le n g th s  t  from the  o r i g i n  a r e  given  in c i r c l e s  whi le  
the  powers of  t e n  t o  be used a r e  given b e s id e  the  i n d i v id u a l  curves .  
From Pinkau ,  Nuovo Cimento 221 (1964).
   ■ 1— *-
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Pinkau has performed c a l c u l a t i o n s  on the  eq u a t io n s  of  t h e  t h r e e -  
d im ens ional  cascade  th e o ry  f o r  the case  where R is  not  smal l  compared 
t o  u n i t y .  For s i m p l i c i t y ,  h i s  argument is  based on the  cascade  
th e o ry  d e r ived  w i th i n  the  Landau approx im at ion .
The i n t e g r a l  e l e c t r o n  d i s t r i b u t i o n  in the  Landau approxim ation  
is  o b ta in e d  by i n t e g r a t i n g  the  l a t e r a l  s t r u c t u r e  fu n c t i o n  ris(E0 , E,
O 1
r ,  t )  given by Kamata and Nishimura as  d i s c u s s e d  in the  p reced ing  
s e c t i o n .  This  d i s t r i b u t i o n ,  which g ives  the  number of  e l e c t r o n s  
c o n ta in ed  w i th in  a c i r c l e  of  r a d iu s  R about  the cascade  a x i s ,  is  
given  by the i n t e g r a l
(11 .3 -1 )
r(p+l) T(s+2p) Mb (p , - s - 2 p , s , t )  ,
f o r  the  l i m i t i n g  ca s e  where the  energy  E o f  the  e l e c t r o n s  approaches  
ze ro .
The i n t e g r a l  over s r e p r e s e n t s  the  t o t a l  number of  p a r t i c l e s  
a t  the  dep th  t  in the l o n g i t u d i n a l  development of  the cascade .  The 
paramete r  s i s  commonly c a l l e d  the "shower age"  param ete r  s i n c e  
b e fo re  the  maximum development of  the  cascade  s < 1, w h i le  s = 1 
a t  the maximum and s > 1 a f t e r  the  maximum development.  The r e ­
maining i n t e g r a l  over p r e p r e s e n t s  the  l a t e r a l  spread  of  the  cascade .
^ K .  Pinkau,  Nuovo Cimento 221 (1964).
^*K. Kamata and J .  Nishimura,  Suppl.  Progr .  Theore t .  Phys. 
(Kyoto) 6,  93 (1958).
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For l a rg e  v a lu e s  o f  R, p -♦ 0 w h i le  p -* -  — in the  l i m i t  R -♦ 0.
The above e q u a t io n  may be e v a l u a t e d  by us ing  th e  double s ad d le
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p o i n t  method o f  s o l u t i o n .  The co re  approx im at ion  makes use of
the  f a c t  t h a t  in the  l i m i t  as  R -* 0 the  i n t e g r a l  e x p re s s io n  f o r
N(<R) can b e s t  be e v a l u a t e d  by c o n s id e r i n g  j u s t  the  po le  p = -
of  the  gamma f u n c t i o n .  I t  i s  p o s s i b l e  t o  e s t i m a t e  the  va lues
of  R fo r  which t h i s  approx im at ion  i s  v a l i d  by de te rm in ing  the  shape
of  th e  d i s t r i b u t i o n  a t  the  o t h e r  extreme l i m i t  o f  l a rg e  R. Since
t h i s  l a t t e r  approx im at ion  a p p l i e s  t o  r eg ions  o f  the  cascade  f a r  from
the  c o re ,  i t  i s  c a l l e d  the  "approx im at ion  fo r  l a rg e  r a d i i . "
The r e s u l t s  of  P in k a u ' s  c a l c u l a t i o n s  show t h a t  the s o l u t i o n s
of  Eq. (1 1 .3 .1 )  t h a t  a r e  v a l i d  f o r  l a rg e  R must be upper l i m i t s
t o  the  d i s t r i b u t i o n  of  e l e c t r o n s  p r e d i c t e d  by an ex a c t  s o l u t i o n .
The s o l u t i o n s  fo r  l a rg e  R a r e  made w i th  the  assumption  t h a t
E0 / e  -♦ “  where e = eo, the  c r i t i c a l  energy ,  i f  approxim ation  B is
co n s id e re d  and e = E , t h e  lower energy  l i m i t ,  i f  approxim ation  Ac
is  c o n s id e r e d .  These approx im at ions  a r e  c a l l e d  "approx im ation  
B f o r  l a rg e  r a d i i "  and "approx im at ion  A f o r  l a r g e  r a d i i " ,  r e s p e c t i v e l y .
The reg ion  o f  v a l i d i t y  of  the  c o re  approx im at ion  can be e s t i ­
mated from P in k a u ' s  c a l c u l a t i o n s  by comparing the  e l e c t r o n  d i s t r i ­
b u t io n s  p r e d i c t e d  by the co re  approx im ation  w i th  the d i s t r i b u t i o n s  
p r e d i c t e d  by the  approx im at ions  f o r  l a rg e  r a d i i .  I f  the  l a t t e r  
d i s t r i b u t i o n s  p r e d i c t  p a r t i c l e  numbers s m a l l e r  than the  co re  ap p ro x i ­
mat ion ,  then  the  co re  approx im ation  has a p p a r e n t l y  ceased  to  be
32K. Pinkau,  Ph.D. T h es i s ,  Appendix I, U n iv e r s i t y  of  
B r i s t o l ,  England,  1958 (unpub l i shed ) .
v a l i d ,  because  the approx im at ions  fo r  l a rg e  r a d i i  give upper l i m i t s  
t o  the  t o t a l  number o f  p a r t i c l e s .
The d i s t r i b u t i o n s  p r e d i c t e d  by approx im at ions  A (curve "A") 
and B (curve "B") f o r  l a rg e  r a d i i  a r e  shown superimposed on the 
curves  fo r  the  c o re  approx im ation  (curve "C") in Fig.  6. The 
v a lues  Ec = 50 MeV and eo = 10 MeV have been used.  In o rde r  to  
p r e s e n t  s p e c i f i c  examples t o  show the  dependence on the  primary 
energy  of  the  cascade  and th e  d i s t a n c e  from the  o r i g i n ,  the p l o t s  
a r e  made f o r  p r im ary  e n e r g i e s  of  100, 1000, and 10 000 BeV a t  
d i s t a n c e s  of  5 ar>d 10 r . l .
The c o re  approx im at ion  a p p a r e n t l y  c ea se s  to  be v a l i d  a t  r a d i i  
which a r e  near  the  c r o s s i n g  p o in t s  of  curves  "A" and "B" w i th  "C". 
The curves  imply t h a t  the  reg ion  o f  v a l i d i t y  of  the  co re  a pp rox i ­
mation  i s  s m a l l e r  f o r  t h e  s h o r t e r  r a d i a t i o n  leng ths  and dec rease s  
w i th  i n c r e a s i n g  energy.
I t  shou ld  be noted t h a t  very  dense co re s  o f  the h ighe r  energy  
cascades  p r e s e n t  measurement d i f f i c u l t i e s ,  and an exper im en te r  may 
be r e q u i r e d  t o  i n v e s t i g a t e  somewhat d i s t a n t  reg ions  from the  core  
where the  t r a c k  d e n s i t y  i s  s m a l l e r .  Consequent ly ,  one is  more 
l i k e l y  to  go beyond the p r e d i c t e d  reg ion  of  v a l i d i t y  o f  the core 
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Fig.  6. I n t e g r a l  r a d i a l  d i s t r i b u t i o n s  p r e d i c t e d  by the  core  
approx im ation  (curves  C ) a n d  th e  approxim ation  A (curves  A) and B 
(curves  B) f o r  l a rg e  r a d i i .  The d i s t r i b u t i o n s  a r e  p re sen te d  f o r  
t h r e e  v a lu e s  of  the  primary  energy  Eq and two d i s t a n c e s  t  from the 
cascade  o r i g i n .  From Pinkau,  Nuovo Cimento 33,  221 (1964).
M l .  EXPERIMENTAL PROCEDURE
1. S e l e c t i o n  of  Cascades f o r  Measurement
The cascades  i n v e s t i g a t e d  in t h i s  exper iment a r e  found in 
t h a t  p a r t  o f  the  Brawley s t a c k  which i s  in the  L.S.U. l a b o ra to r y  
o r  in the  SSS sandwich s tack .  V isua l  scanning f o r  e l e c t r o m a g n e t i c  
cascades  was performed on the  emuls ion  p l a t e s  of both  s t a c k s  by 
p la c in g  them over  a uni formly  i l l u m i n a t e d  l i g h t  box and looking  f o r  
th e  c a s ca d es ,  which appea r  as a da rk  s t r e a k  in t h e  em uls ion ,  with 
t h e  unaided eye.
Each e l e c t r o m a g n e t i c  cascade  observed d u r ing  th e  v i s u a l  
scanning  was t r a c e d  back to  i t s  o r i g i n  or  p o i n t  of  e n t ry  i n t o  the  
s t a c k .  Var ious  types  of  even ts  were found by t h i s  p ro c e s s ,  but 
th e  a n a l y s i s  d e s c r ib e d  h e re i n  conce rns  on ly  those  even ts  c l a s s i f i e d  
as pure e l e c t r o m a g n e t i c  in  o r i g i n .
An e l e c t r o m a g n e t i c  cascade  found in an emulsion s t a c k  which 
has been exposed a t  th e  top  o f  the  atmosphere may be t h e  r e s u l t  of 
an i n t e r a c t i o n  of  the  cosmic rays  w i th  the n u c le i  of  th e  atmosphere 
above the  emulsion s t a c k  o r  w i th  the  n u c l e i  in th e  emulsion s t a c k  
i t s e l f .
Each i n t e r a c t i o n  of  the  pr imary cosmic r a d i a t i o n  with  a nucleus  
o f  the  e a r t h ' s  atmosphere p roduces ,  among o t h e r  p a r t i c l e s ,  a number 
of  1t° -  mesons. The 77° -  mesons decay w i th  a h a l f  l i f e  o f  ~  IO”16 
sec.  i n t o  two y - r a y s .  Most o f  the  y " r ays r e s u l t i n g  from such decay,
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which i n i t i a t e  an e l e c t r o m a g n e t i c  cascade  in the  emuls ion  b lock ,  
e n t e r  the  d e t e c t o r  b e fo re  m a t e r i a l i z i n g .  However, some may m a te r ­
i a l i z e  in the  atmosphere  above th e  d e t e c t o r  and e i t h e r  one o r  two 
cascades  w i l l  develop from th e  convers ion  e l e c t r o n s  upon e n t e r i n g  
the  s t a c k .  The former  p rocess  i s  c a l l e d  the  d i r e c t  component 
and the  l a t t e r  i s  c a l l e d  the  cascade  component of  the  gamma r a d i a ­
t i o n .
The primary cosmic r a d i a t i o n  may produce  j e t s  i n s i d e  the  
d e t e c t o r  which a r e  accompanied by ir° -  mesons. The Y“ r ays from th e  
subsequen t  ir° -decay  w i l l  m a t e r i a l i z e  b e fo re  t h e i r  s p a t i a l  s e p a r a ­
t i o n  becomes a p p r e c i a b l e  and g ive  r i s e  to  o v e r l a p p in g  e lec t rom ag­
n e t i c  cascades  of  p o s s i b l y  d i f f e r e n t  energy.  A lso ,  secondary  
i n t e r a c t i o n s  may r e s u l t  in a d d i t i o n a l  p ions  which a r e  mixed with  
the  cascade.  The r e s o l u t i o n  o f  such a complex shower deve lop ­
ment i n t o  i t s  components i s  im p ra c t i c a l , a n d  such cascades  were 
r e j e c t e d  from the  group which was cons ide red  in t h i s  experiment.
S ince  th e  d i s t a n c e  from th e  cascade  o r i g i n  can only  be measured 
with  c e r t a i n t y  from th e  f i r s t  e l e c t r o n  p a i r ,  t h i s  exper imen t a l s o  
r e j e c t e d  th e  cascade  component and c ons ide re d  only  the  d i r e c t  
component of  the  gamma r a d i a t i o n .  To in s u re  t h a t  the  cascades  to  
be measured were indeed of  the  d i r e c t  component, t h e  Brawley cascades  
were r eq u i re d  to  f u l f i l l  the  fo l lo w in g  c r i t e r i a :
1. The o r i g i n  o f  th e  f i r s t  p a i r  was lo c a ted  w i th in  about  two 
convers ion  leng th s  from the  edge of  th e  s t a c k .  33
33«. p inka u ,  Nuovo Cimento H56 (1956).
2. The o r i g i n  of th e  f i r s t  p a i r  was found and scanning of
th e  a d j a c e n t  a r e a  showed no apcompanying p a r a l l e l  t r a c k s  which might 
be connected with  a low m u l t i p l i c i t y  n u c l e a r  i n t e r a c t i o n .
3. The o r i g i n  of  the  f i r s t  b rem ss t rah lung  p a i r  was lo c a ted  a 
rea sonab le  l o n g i t u d i n a l  d i s t a n c e  from the  o r i g i n  of  th e  primary 
p a i r  (~  1 cm) and had a small  l a t e r a l  d isp lacem en t  from th q t  p a i r  
(< 3 m) - 34
k. The cascade  had only  one appa re n t  core.
5. Scanning of  th e  immediate a r e a  around the  cascade  showed 
no secondary  i n t e r a c t i o n s .
The cascades  in t h e  SSS lead -em uls ion  sandwich s t a c k  could 
not  be c o n t i n u a l l y  observed  th roughout  t h e i r  development s in c e  much 
o f  the  development was in th e  lead p l a t e s .  Consequent ly ,  a l l  of  the  
above c r i t e r i a  were not  always used f o r  t h i s  s t a c k .  Each of th e s e  
cascades  was t r a c e d  back toward i t s  o r i g i n  by obse rv ing  th e  cascade  
in each emulsion p l a t e  where i t  could  be found.  These o b s e r v a t i o n s  
showed t h a t  each cascade  had only  one appa re n t  core .  When the  
cascade  could no lo nger  be found in an emulsion p l a t e ,  c a l c u l a t i o n s  
were performed by us ing th e  d ip  ang le  of  the  cascade  to  be su re  
t h a t  th e  cascade  could  not  reach the  next  a d j a c e n t  lead  p l a t e  be fo re  
e x i t i n g  th e  s tack .  !n t h i s  manner,  th e  o r i g i n  of  t h e  cascade  was 
lo c a ted  w i th in  a lead p l a t e .  To c a l c u l a t e  th e  d i s t a n c e  t  from the  
o r i g i n  where measurements were made, th e  o r i g i n  was assumed to  be in 
th e  c e n t e r  of  t h i s  lead p l a t e .  This  assumption  i s  c o n s i s t e n t  w i th  the
3^E. Lohrmann, Phys. Rev. 122, 1908 (1961).
f i r s t  c r i t e r i o n  given  above.  To s a t i s f y  th e  second c r i t e r i o n ,  the  
f i r s t  emuls ion  p l a t e  in which the  cascade  could  be found a f t e r  
e n t e r i n g  th e  s t a c k  was scanned f o r  p a r a l l e l  t r a c k s .  By c a l c u l a t i n g  
the  d i s t a n c e  t r a v e l e d  in each lead  and each  emuls ion  p l a t e  from the  
d ip  a n g le  o f  the  ca scade ,  and by knowing the  number o f  lead and 
emuls ion  p l a t e s  between the assumed o r i g i n  and th e  p o s i t i o n  of  
measurement,  the  d i s t a n c e  t  in r a d i a t i o n  le n g th s  was c a l c u l a t e d  
us ing  5*7 mm /r . l .  f o r  lead  and 28 .3  m m /r . l .  f o r  emuls ion.
2. Technique o f  Measurements
The o b j e c t  of  making the  cascade  measurements was t o  o b ta in  
the  s p a t i a l  p o s i t i o n  and a n g u la r  o r i e n t a t i o n  of  each cascade  p a r t i c l e  
r e l a t i v e  t o  the  cascade  a x i s .  Fig.  17 shows a schematic  p i c t u r e  
o f  th e  cascade  as i t  appeared  in the  emuls ion  and i t s  r e l a t i o n  to  
the  p o s i t i o n s  of  measurement.
Three measurements were made on each Brawley cascade  a t  
d i s t a n c e s  from the  o r i g i n  which cor responded  t o  1> and 9 
r . l .  This  range was s e l e c t e d  because  the  maximum development 
o f  the  cascades  f o r  the e n e r g i e s  under c o n s i d e r a t i o n  (~ 1013 eV) 
occurs  about  7 r . l .  from the  o r i g i n .  Below 5 r . l .  the  f l u c t u a t i o n s  
in development become i n c r e a s i n g l y  im por tan t  and troub lesome,  
w hi le  above 9 r . l .  the  cascades  become so d i f f u s e  t h a t  i t  is
The d e t a i l s  o f  measurements a r e  given in Appendix I.
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d i f f i c u l t  t o  d i s t i n g u i s h  any a p p a re n t  c o re .  The p o s i t i o n s  of  
measurement on the SSS cascades  were r e s t r i c t e d  by the  develop­
ment of  the  cascades  in the  lead  p l a t e s .  T h e re fo re ,  t h e  measure­
ments were made such t h a t  each was s e p a r a t e d  from an a d j a c e n t  
measurement by one lead p l a t e  and y e t  was as  c l o s e  as  p o s s i b l e  
t o  1> and 9 r . l .
The volume of  measurement a t  each r a d i a t i o n  le ng th  c o n s i s t e d  
o f  15 a d j a c e n t  f i e l d s  of  view of  the  microscope  focused  from the  
g l a s s  t o  a i r  s u r f a c e  of the emuls ion  p l a t e .
In o rde r  t o  ge t  the  b e s t  p o s s i b l e  expe r im en ta l  r e s u l t s ,  each 
f i e l d  of  view was read by two d i f f e r e n t  o b s e r v e r s .  Any*disagreement 
in the  r e s u l t s  o f  the  two read ings  was checked by a t h i r d  obse rve r  
b e fo re  the  read ings  were accep ted  as f i n a l  d a t a  t o  be used in the  
c a l c u l a t i o n  of  c o o r d i n a t e s  f o r  t h e  p a r t i c l e s  of  the  cascade .
Because the  emuls ion  is very  s e n s i t i v e  t o  changes in tempera­
t u r e  and humidity ,  ex treme c a u t i o n  was e x e r c i s e d  to  a s s u r e  t h a t  
th e s e  remained as s t a b l e  as p o s s i b l e .  In a d d i t i o n  to  t h i s  p r e c a u t io n ,  
the  l i g h t  source  of  the  microscope was tu rn ed  on a u t o m a t i c a l l y  by 
a time c lo c k  two hours b e fo re  measurements were made t o  minimize 
the  microscope  " d r i f t . "  Under th e  b e s t  of  c o n d i t i o n s  t h e s e  f a c t o r s  
a r e  p r e s e n t  to  some e x t e n t ,  and t h e r e f o r e  the  c o o r d in a t e s  o f  e a s i l y  
r e c o g n iz a b le  t r a c k s  were recorded  in each  f i e l d  of  view and used 
as c a l i b r a t i o n  p o i n t s .  These c a l i b r a t i o n  t r a c k s  were checked 
p e r i o d i c a l l y  t o  p re v e n t  r e l a t i v e  d i sp lacem en t  o f  the  cascade  t r a c k  
c o o r d in a t e s  and a s s u r e  good agreement between the  two read ings  of  
each  f i e l d  o f  view.
The a c t u a l  measurements were performed by us ing  a K or is tka  R*t 
microscope which has a v e r n i e r  s c a l e  t o  pe rm i t  d e t e rm in a t io n  o f  the  
a b s o l u t e  dep th  o f  the  f i e l d  o f  measurement in  the  emuls ion.  The 
microscope was equipped w i th  a squa re  "box" g r a t i c u l e  having 100
ft
s c a l e  d i v i s i o n s  pe r  s i d e /  See Fig.  18. For each  cascade  t r a c k  
which c ro s s e d  the h o r i z o n t a l  c e n t e r l i n e  of  the  g r a t i c u l e ,  t h r e e  
s p a t i a l  c o o r d i n a t e s  were o b ta in e d  fo r  each of  the  two p o i n t s  where 
i t  c ro s s e d  the  s i d e s  o f  the  g r a t i c u l e .  These two p o s i t i o n s  fo r  
each t r a c k  p e rm i t t e d  the  c a l c u l a t i o n  of  the  s p a t i a l  p o s i t i o n  and 
a n g u l a r  o r i e n t a t i o n  of  th e  t r a c k  r e l a t i v e  t o  th e  cascade  a x i s .
The a p p a re n t  co re  of  t h e  cascade  was lo c a ted  midway between 
the  g l a s s  and a i r  s u r f a c e  o f  the emuls ion  p l a t e .  This  p e rm i t t e d  
measurements to  be made a t  app rox im a te ly  equal  d i s t a n c e s  above and 
below the  co re .  A l l  cascade  t r a c k s ,  i r r e s p e c t i v e  of  an g le ,  were 
measured over a l a t e r a l  sp read  of  > 600 p. t o  e i t h e r  s id e  of  
the  a p p a re n t  c o re .  Since the  undeveloped emuls ion i s  approx im ate ly  
600 p in t h i c k n e s s ,  th e s e  l a t e r a l  measurements ex tend  to  
about  tw ice as  f a r  from the  co re  as  the  r e s p e c t i v e  g l a s s  and a i r  
s u r f a c e s  of  the em uls ion .  See Fig.  7* Thus, whi le  one could 
o b ta in  e x a c t  d i s t r i b u t i o n s  o f  the  t r a c k s  up to  d i s t a n c e s  o f  about  
300 p from th e  c o re ,  l a r g e r  d i s t a n c e s  r e q u i r e d  some c o r r e c t i o n .
The needed c o r r e c t i o n  was c a l c u l a t e d  from the  r a t i o  of  the  a rea  in
ft
The box g r a t i c u l e  was fu rn i s h e d  by W. Enge o f  I n s t i t u t  
f u r  Reine und Angewandte Kernphysik der  C h r i s t i a n - A l b r e c h t s -  
U n i v e r s i t a t  Kiel  in K ie l ,  Germany.
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Fig.  7. Schematic  diagram showing needed c o r r e c t i o n  f o r  
cascade  p a r t i c l e  d i s t r i b u t i o n s  f o r  th e  l a t e r a l  d i s t a n c e  R g r e a t e r  
than  ~ 300 ju from the  cascade  a x i s .  The l a t e r a l  spread  in measure­
ments was > 1200 ju or  about  tw ice  the  t h i c k n e s s  of  an emulsion p l a t e  
which was ~  600 jj. The diagram r e p r e s e n t s  the t a r g e t  p lane  (with 
t h e  cascade  a x i s  near  the  c e n t e r )  of  a cascade  a t  a f i x e d  p o s i t i o n  
of  measurement. C o r r e c t io n s  a r e  needed f o r  the  shaded a rea  of the 
t a r g e t  p la n e  which was o u t s i d e  the  range of measurements.
t h a t  p a r t  of  an a n n u la r  r ing  in  which measurements were made t o  the  
e n t i r e  a r e a  of  t h e  r ing .  This  t e chn ique  o f  c o r r e c t i o n  amounts to  
assuming az imutha l  symmetry of  t r a c k s  about  t h e  cascade  a x i s .
There  a r e  t h r e e  cases  t o  c o n s id e r  in making the  c o r r e c t i o n s ,  
s i n c e  the  a x i s  of  th e  cascade  may not  have been lo c a te d  e x a c t l y  a t  
the  midpoin t  between th e  g l a s s  and a i r  s u r f a c e s  of  the  emulsion 
p l a t e .  Let th e  s h o r t e r  of  th e  two d i s t a n c e s  from the  a x i s  to  the  
g l a s s  and a i r  s u r f a c e s  be r e p re s e n t e d  by “ a" and the  l a r g e r  d i s t a n c e  
by l,b“ . I t  i s  d e s i r e d  t o  know th e  l a t e r a l  and a n g u la r  d i s t r i b u t i o n s  
of  a l l  cascade  p a r t i c l e s  w i th i n  a d i s t a n c e  R of t h e  cascade  a x i s .
I f  R ^ a ,  no c o r r e c t i o n  i s  needed.  For R > a t h e  needed c o r r e c t i o n  
i n c r e a s e s  w ith  i n c r e a s i n g  R.
I f  n i s  the  number of  p a r t i c l e s  a c t u a l l y  measured in  p a r t  of
an a n n u la r  r ing  having r a d i i  Rj and R2 , then the  number of  p a r t i c l e s
*
N which would have been measured in  the  e n t i r e  r i n g  i s  given by
N ,<p
where
cp = 2ir, i f  r  £ a
= 2O  -  c o s -1 ( p ) ] ,  i f  a < r ^  b
= 2[ff -  c o s " 1 Op) -  c o s " 1 (p )3 .  i f  r > b
The symbol r i s  th e  average  of  the  r a d i i  Rj and Ra o f  t h e  r ing .  The
c o r r e c t i o n  i s  b e t t e r  th e  s m a l l e r  th e  d i f f e r e n c e s  between Ri and Rg , 
and t h i s  d i f f e r e n c e  was taken  t o  be 50/i in  a c t u a l l y  perfo rming  the  
c o r r e c t i o n s .
3* Background A na lys i s
When a given volume of  n u c l e a r  emuls ion  has been exposed near  
the  top of  the  e a r t h ' s  atmosphere fo r  a pro longed  pe r io d  of  t ime,  
many pr imary cosmic rays  as w e l l  as  secondary  p a r t i c l e s  r e s u l t i n g  
from high energy  n u c l e a r  i n t e r a c t i o n s  in the  atmosphere above the  
volume w i l l  le ave  t r a c k s  in the  emuls ion.  (The t o t a l  number of  t r a c k s  
is  dependent  among o t h e r  t h in g s  on the  t ime and a l t i t u d e  of e x p o s u re . )  
In a d d i t i o n ,  many secondary  p a r t i c l e s  from i n t e r a c t i o n s  in the emul­
s io n  i t s e l f  w i l l  sp read  ou t  in a l l  d i r e c t i o n s  and leave  t r a c k s .  The 
r e s u l t  is  t h a t  a somewhat random d i s t r i b u t i o n  of t r a c k s  w i l l  e x i s t  
th roughou t  the  volume of  em uls ion .
In e l e c t r o m a g n e t i c  cascade  measurements,  one is  i n t e r e s t e d  in 
obse rv in g  on ly  the  e l e c t r o n s  and p o s i t r o n s  connec ted  w i th  the  cascade .  
However, i t  is  im poss ib le  to  d i f f e r e n t i a t e  between e l e c t r o n  t r a c k s  
and th e  t r a c k s  of  o t h e r  s i n g l y  charged p a r t i c l e s  such as muons, p ions ,
and p ro tons  i f  the  e n e r g i e s  o f  the  p a r t i c l e s  a r e  high.  For r e l a t i v e l y
low e n e r g i e s  the g r a in  d e n s i t y  depends on the  v e l o c i t y  of  th e  p a r t i c l e
as  w e l l  as  i t s  charge ,  bu t  f o r  high e n e r g i e s  the  g r a in  d e n s i t y  reaches
a p l a t e a u  va lue  which is  independent  o f  the  v e l o c i t y  of  the  p a r t i c l e .  
Tracks in emuls ion  which have g r a in  d e n s i t i e s  around t h i s  p l a t e a u  va lue  
f o r  s i n g l y  charged p a r t i c l e s  w i l l  h e r e a f t e r  be c a l l e d  minimum t r a c k s .
I f  d u r ing  the  cou rse  o f  measurements one observes  a l l  minimum t r a c k s ,  
i t  is  c e r t a i n  t h a t  the  measurements would inc lude  p a r t i c l e s  which a r e  
no t  e l e c t r o n s  or  p o s i t r o n s .  Any p a r t i c l e  which is  not  d i r e c t l y  con­
nec ted  w i th  a cascade  is  c l a s s i f i e d  as a background p a r t i c l e .
In the  measurements performed on the  e l e c t r o m a g n e t i c  cascades  
in t h i s  exper im en t ,  each  minimum t r a c k  was measured in o rd e r  to  
o b t a i n  i t s  s p a t i a l  and a n g u l a r  o r i e n t a t i o n  r e l a t i v e  to  t h e  cascade  
a x i s .  The t e chn ique  of  the  measurements i s  d i s c u s s e d  in S e c . I I I . 2. 
w i th  d e t a i l s  g iven in Appendix I. In such measurements,  i t  is  
im poss ib le  t o  s e l e c t  i n d i v i d u a l  t r a c k s  as be long ing  t o  the  background 
or  t o  the  ca scade .  In o rd e r  t o  de te rm ine  the  background l e v e l ,  
the  f i e l d  o f  view o f  th e  microscope  was lo c a te d  in a reg ion  o f  the 
emuls ion  which was > 1 cm from the  a x i s  of  a cascade  and measurements 
were done e x a c t l y  as  f o r  a casca de .  The background measurements 
fo r  the  Brawley s t a c k  were made in t h r e e  d i f f e r e n t  p o s i t i o n s  o f  the 
emuls ion  s t a c k .  These t h r e e  independent  s e t s  o f  background da ta  
y ie ld e d  a t o t a l  of  more than  2000 t r a c k s  from which could be d e r iv e d  
average  v a lu es  f o r  the  l a t e r a l  and a n g u l a r  d i s t r i b u t i o n  of  the  back­
ground n o i s e .  Four such independent  s e t s  o f  background da ta  were 
o b ta in e d  f o r  the SSS s t a c k .  From t h i s  da ta  t h e r e  were more than 
1500 t r a c k s  from which to  o b t a i n  the ave rage  background d i s t r i b u t i o n s .
For high  energy  c a s c a d e s ,  the  r a t i o  of  cascade  p a r t i c l e s  to  
background p a r t i c l e s  is  l a rg e  as long as a t t e n t i o n  is  r e s t r i c t e d  to  
reg ions  near  the  c o re .  As the  l a t e r a l  d i s t a n c e  from the  co re  is 
in c re a s e d ,  the r a t i o  o f  s i g n a l  t o  n o ise  dec re a se s  and f l u c t u a t i o n s  
in the  randomly d i s t r i b u t e d  background become i n c r e a s i n g l y  im por tan t .  
The r a t i o  o f  s i g n a l  t o  n o ise  f o r  in d i v id u a l  cascades  a l s o  depends 
on the  energy  o f  the  cascade  and the  d i s t a n c e  from the  o r i g i n  a t  
which measurements a r e  made. In t h i s  exper im en t ,  the  background 
was predominant  over the  cascade  f o r  p a r t i c l e s  having la rg e  ang les  
w ith  r e s p e c t  to  the  cascade  a x i s .
In measurements o f  the  background as  w e l l  as  the c a s c a d e s ,  an 
a t t e m p t  was made t o  measure a l l  p a r t i c l e s  r e g a r d l e s s  o f  ang le  over  
a l a t e r a l  sp read  of  ~  1200 p .  However, the  measurement of  a l l  
p a r t i c l e s  was l im i t e d  because  o f  i n e f f i c i e n c y  in obse rv ing  t r a c k s  
which were i n c l i n e d  a t  a l a rg e  ang le  w i th  r e s p e c t  to  th e  emulsion 
s u r f a c e .  This  ang le  of  i n c l i n a t i o n  with  the  emuls ion  s u r f a c e  is  
known as the d ip  ang le  o f  the t r a c k .
As d e s c r ib e d  in Appendix I, an ave ra g in g  procedure  was used 
to  de termine  the  cascade  a x i s ,  r e l a t i v e  t o  which the  s p a t i a l  and 
a n g u l a r  c o o r d i n a t e s  o f  a l l  the  cascade  p a r t i c l e s  were c a l c u l a t e d .  
This method was not  used in c a l c u l a t i n g  the  c o o r d i n a t e s  fo r  the  
background p a r t i c l e s  because  smal l  f l u c t u a t i o n s  in s p a t i a l  or  
a n g u la r  o r i e n t a t i o n  o f  the  background t r a c k s  could  cause  l a rg e  
d e v i a t i o n s  in the  l o c a t i o n  o f  th e  a x i s .  I n s t e a d ,  the  c o o r d in a t e  
system used in making measurements of  e i t h e r  cascades  or  back­
ground was f i x e d  as the  c o o r d in a t e  system f o r  th e  background c a l c u ­
l a t i o n s .  S ince  the  a x i s  o f  each  measured cascade  was i n c l i n e d  a t  
some ang le  w i th  the emuls ion  s u r f a c e ,  the  background d a t a  was 
c a l c u l a t e d  f o r  the  background " a x i s "  i n c l i n e d  a t  s e v e r a l  d i f f e r e n t  
a n g l e s .  The d ip  ang le  of  the  background " a x i s "  could  then be 
matched w i th  the a x i s  o f  any cascade .  This  techn ique  o f  c a l c u l a t i o n  
tends  t o  c o r r e c t  f o r  any lo ss  in cascade  t r a c k s  which had a l a rg e  
d ip  ang le .
Since the  background was predominant  over  the  cascades  f o r  
l a rg e  a n g l e s ,  the  cascade  d i s t r i b u t i o n s  a r e  p r e s en te d  only  up t o  the
‘ See Appendix I .
maximum ang le  with  r e s p e c t  to  the  cascade  a x i s  where the  number of  
cascade  p a r t i c l e s  above th e  background could be r e l i a b l y  e s t a b l i s h e d .  
Th is  maximum ang le  i s  ~  20° and c o in c id e s  with  th e  maximum angle  
where in i t  i s  rea sonab le  t o  assume t h a t  a l l  t r a c k s  were measured.
This  l i m i t i n g  ang le  can be deduced from Fig. 8. The f i g u r e  shows 
th e  i n t e g r a l  a n g u la r  d i s t r i b u t i o n  of  background t r a c k s  f o r  d i f ­
f e r e n t  d ip  a ng le s  of  the  background ,ra x i s 11. Curves a r e  given f o r
both  the  Brawley s t a c k  and the  SSS s t a c k  a t  R = 600 yu
I t  i s  seen from th e  curves  f o r  th e  Brawley background t h a t  t h e r e  
i s  l i t t l e  d i f f e r e n c e  between the  number of  p a r t i c l e s  as c a l c u l a t e d  
r e l a t i v e  t o  an ' ‘a x i s 11 which has d ip  ang le  0° o r  d ip  a n g le  10°. S ince  
th e  curves  extend up to  ang les  o f  20° with  r e s p e c t  to  th e  " a x i s 11, 
t h i s  im pl ie s  t h a t  p r a c t i c a l l y  a l l  p a r t i c l e s  were measured which had 
an ang le  & 30° with  r e s p e c t  to  t h e  emulsion s u r f a c e .  Th is  l i m i t  in 
a n g u la r  measurement i s  a l s o  e v id e n t  from th e  curve  f o r  th e  " a x i s "  
i n c l i n e d  a t  20° with  r e s p e c t  to  th e  emulsion s u r f a c e ,  s i n c e  the  
l a t t e r  curve  begins  t o  d e v i a t e  from the  former  curves  f o r  ang les  
g r e a t e r  than  ~  J0° w i th  r e s p e c t  t o  the  background “ a x i s " .  S im i l a r  
r e s u l t s  can be o b ta in ed  from the  SSS da ta .
Of the  s i x  cascades  measured in the  Brawley s t a c k ,  t h e  average
d ip  an g le  was ~  10°. The cascades  measured in the  SSS s t a c k  had d ip  
an g le s  in  the  range ~  12-15°. These d ip  a ng le s  must be deducted 
from th e  a n g le  (<; 30°)  wherein  i t  can be assumed t h a t  p r a c t i c a l l y  
a l l  t r a c k s  have been measured to  de te rm ine  th e  maximum a n g le  with  
r e s p e c t  to  th e  cascade  a x i s  which could  be used in th e  r a d i a l  and 
a n g u la r  d i s t r i b u t i o n s  and s t i l l  be s u re  t h a t  p r a c t i c a l l y  a l l  p a r t i ­
c l e s  were inc luded .  Using th e  ave rage  d ip  ang le  of  the  cascades  in
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Fig.  8. Average number of  background t r a c k s  N(<0) as a fu n c t i o n  
o f  0̂  The p l o t  i s  made f o r  d i f f e r e n t  v a lu e s  of th e  d ip  ang le  6 of the 
background " a x i s "  a t  R = 600 fj,. The s o l i d  and broken l i n e s  show the 
background in t h e  Brawley s t a c k  f o r  6 = 0 ,  10 and 20° and in the  SSS 
s t a c k  f o r  6 = 0 ,  lk  and 28°,  r e s p e c t i v e l y .  The background in the  
Brawley s t a c k  i s  about  tw ice  t h a t  in th e  SSS s t a c k  when d i s t a n c e s  a re  
measured in microns.  In terms of  r a d i a t i o n  l e n g th s ,  the  SSS back­
ground i s  lower by a f a c t o r  of  ~  6.
the  Brawley s t a c k ,  t h i s  maximum ang le  has been taken  to  be 20°. This  
a n g u la r  c u t o f f  was used f o r  a l l  the  cascades  which have been measured,  
r e g a r d l e s s  of  t h e i r  d ip  ang le .
In a l l  r e s p e c t s  o t h e r  than  the  d e t e r m in a t io n  of  t h e  a x i s ,  e x a c t l y  
the  same c a l c u l a t i o n s  were performed on th e  background d a t a  as on 
the  d a t a  which had the  cascades  superimposed on background.  There­
f o r e ,  f o r  any d i s t r i b u t i o n  of  c o o r d in a t e s  which was d e s i r e d ,  the  
c o r r e c t i o n s  f o r  background n o i s e  could be made by a s im ple  s u b t r a c ­
t i o n  of  the average  background from th e  cascade  superimposed on 
background.
IV. RESULTS
1. P r e s e n t a t i o n  o f  Experimenta l  R e s u l t s
From th e  i n i t i a l  cascade  measurements,  th e  p r o j e c t e d  c o o r d i ­
n a t e s  y ,  z ,  0y, and 9Z f o r  each e l e c t r o n  in  t h e  cascade  were 
determined f o r  the  c o o r d in a t e  system having the  x a x i s  c o i n c id e n t  
with  th e  cascade  a x i s  (See Appendix I ) .  From th e s e  p r o j e c t e d  
c o o r d i n a t e s ,  the  space  c o o r d in a t e s  R and 9 which g ive  th e  l a t e r a l  
d i sp lacem en t  and a n g u la r  o r i e n t a t i o n  of  each t r a c k  r e l a t i v e  to  the  
cascade  a x i s ,  r e s p e c t i v e l y ,  were c a l c u l a t e d .  Shown in t a b l e s  I 
and II a r e  the  d i s t r i b u t i o n s  of  th e  number of  cascade  p a r t i c l e s  
having l a t e r a l  d i sp la cem e n ts  l e s s  than  R v e r s u s  the  number having 
ang les  l e s s  than  9. These d i s t r i b u t i o n s  a r e  g iven  f o r  each p o s i t i o n  
of  measurement f o r  th e  t e n  cascades  which were measured.
Tab le  1 c o n t a in s  th e  i n t e g r a l  r a d i a l  and a n g u la r  d i s t r i b u t i o n s  
of  e l e c t r o n s  f o r  the  s i x  cascades  measured in th e  Brawley s t a c k ,  
whi le  Tab le  II c o n t a in s  th e  same d i s t r i b u t i o n s  f o r  t h e  Four cascades  
measured in t h e  SSS s tack .  From th e s e  t a b l e s ,  one can o b t a in  
d i r e c t l y  the  i n t e g r a l  r a d i a l  d i s t r i b u t i o n  a t  a f i x e d  an g u la r  
c u t o f f  by read ing  a c r o s s  the  c o r r e c t  row. The i n t e g r a l  a n g u la r  
d i s t r i b u t i o n  f o r  a f i x e d  r a d iu s  i s  ob ta ined  by read ing  down the  
p roper  column. The d i f f e r e n t i a l  d i s t r i b u t i o n s  can be ob ta ined  by 
s u b t r a c t i n g  a d j a c e n t  rows and columns. I t  should be noted t h a t  
the  r e s u l t s  given a r e  th e  d i f f e r e n c e s  between two i n t e g r a l
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TABLE 1
N(<R) v s  N(<0) f o r  Brawley Cascades
B raw ley C ascade No. 1044 t  = 5  r* !•
R r .  1. '• 7 7  
























d e g \
50 100 150 200 250 300 350 400 450 500 550 600
1.75X10”3 1 .0 27 56 66 74 82 87 93 93 95 94 94 100
3.i*9X10-a 2 .0 44 95 118 140 159 171 187 195 197 201 206 210
5 .2 4 X 1 0 '3 3 -0 54 111 150 181 211 235 255 264 269 279 285 296
6 . 98X10”3 4 .0 55 119 160 196 230 256 277 289 295 307 313 328
8.73X10" 3 5 .0 56 124 168 210 246 271 293 307 312 325 341 355
1. 05X10” 1 6 .0 56 128 172 216 252 281 306 321 330 345 358 372
1.22X10” 1 7 .0 57 129 173 220 256 289 315 330 338 352 364 380
l.i+0X10_x 8 .0 57 128 175 222 259 291 316 333 340 353 365 378
1.57X10-1 9 .0 57 130 179 227 266 300 325 343 348 361 375 387
1. 75X10” 1 10 .0 57 132 182 230 269 303 329 353 360 374 386 400
1. 92X10” 1 10.9 57 132 184 233 272 307 332 355 363 378 391 403
2 . 27X10"1 12.8 57 131 I 85 238 276 315 338 359 367 389 405 415
2 . 62X10*1 li t . 7 57 131 I85 240 281 324 346 364 369 392 406 411
2.97X10” 1 16 .6 56 130 I 85 243 282 328 3**9 367 369 392 410 413
3.32X 10" 1 18.4 56 129 184 245 284 329 353 370 376 398 419 424
3.67X10’ 1 2 0 .2 56 129 183 244 286 334 357 373 375 400 417 423
B raw ley C ascade No. 1044 t = 7 r .  1.
1.75X10' 3 1 .0 32 45 59 71 83 92 103 107 110 112 114 117
3.49X 10”3 2 .0 74 113 152 I 78 221 242 271 292 304 307 320 333
5.24X 10-3 3-0 81 130 180 216 268 301 334 362 379 385 404 422
6.98X 10' 3 4 .0 85 140 190 229 286 321 357 388 419 424 448 468
8.73X 10' 2 5 .0 85 140 190 236 297 336 377 409 443 452 480 505
1. 05X10"1 6 .0 89 146 199 249 310 351 396 432 470 478 509 534
1.22X10' 1 7 .0 89 146 202 254 318 360 405 442 482 489 522 551
1.40X10-1 8 .0 89 145 202 255 32O 365 411 450 492 498 537 565
I . 57XIO' 1 9 .0 90 148 204 264 328 374 421 463 504 510 549 583
1.75X10" 1 10.0 90 148 204 265 331 378 426 468 509 519 559 595
1.92X10” 1 10.9 90 148 205 268 335 382 430 476 517 526 571 611
2.27X10” 1 12 .8 92 150 209 272 341 388 440 493 532 538 582 627
2.62X1 O' 1 1-4.7 92 150 212 274 344 391 443 496 534 541 583 641
2.97X10' 1 16.6 91 152 215 278 349 396 449 504 541 553 592 653
3.32X10' 1 18.4 92 153 218 283 354 402 454 507 548 559 600 666
3 . 67XIO' 1 2 0 .2 92 152 216 280 352 402 457 513 550 571 608 676
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 1044 t  = 9 r . l .
R r . l . 1 .7 7 . 





















50 100 150 200 250 300 350 400 450 500 550 600
1.75X10”3 1 .0 11 33 55 72 76 82 85 86 86 90 92 98
3.49X 10"3 2 .0 26 71 118 153 168 184 199 224 241 247 257 267
5.24X 10”3 3 .0 35 91 151 194 224 250 270 300 227 348 359 378
6 . 98X1 0 '3 4 .0 36 94 162 208 245 273 302 339 368 401 423 446
8.73X 10"3 5 .0 36 100 I 72 222 260 292 327 369 399 437 460 490
1.05X10" 1 6 .0 37 104 177 229 268 306 343 386 421 461 487 523
1.22X10' 1 7 .0 37 106 180 234 272 311 351 396 436 477 502 540
1.40X10*1 8 .0 37 106 181 236 275 317 357 401 441 485 509 550
1.57X10” 1 9 .0 • 37 106 180 236 279 322 362 411 452 496 520 579
1.75X10" 1 10 .0 37 106 181 237 281 325 367 417 458 504 526 587
1 .9 2 X 1 0 '1 10 .9 37 107 183 239 285 331 374 428 469 513 538 601
2 .27X 10"1 12 .8 38 109 I85 244 290 336 379 434 478 529 558 617
2.62X 10' 1 1 4 .7 38 110 187 247 295 3^2 385 441 493 545 574 635
2.97X 10" 1 16 .6 37 110 188 252 300 3^5 398 455 511 566 601 665
3-32X10” 1 18.4 37 109 186 249 300 348 399 1*53 510 567 611 672
3-67X10" 1 2 0 .2 37 110 187 252 308 357 415 468 520 579 631 687
B raw ley C ascade No. 1068 t  = 5 r .  1.
I . 75XIO”3 1 .0 14 26 36 41 41 44 44 44 44 43 43 46
3.49X 10"3 2 .0 23 46 62 78 83 91 97 104 110 110 109 111
5.24X 10”3 3 .0 23 49 68 89 96 106 115 125 139 135 141 143
6 . 98XIO' 3 4 .0 24 50 70 91 99 108 118 129 138 141 146 150
8 . 73x 1O’ 2 5 .0 24 50 70 91 100 109 121 133 142 .'49 158 166
1.05X10” 1 6 .0 25 51 71 96 106 116 130 145 154 161 170 177
1.22X10-1 7 .0 25 51 72 97 108 120 137 152 160 167 180 186
1.40X10*1 8 .0 25 50 73 97 113 124 142 157 164 172 183 194
1.57X10” 1 9 .0 25 50 72 97 114 125 142 161 170 179 194 207
1.75X10-1 10.0 25 50 72 96 113 124 142 159 175 183 197 208
1.92X 10"1 10.9 25 50 71 95 112 123 141 161 177 186 203 213
2 . 27X 10 '1 12.8 25 50 73 99 117 128 145 164 179 185 204 215
2 . 62X10” 1 14 .7 25 51 74 100 119 131 151 167 181 182 207 213
2.97X10” 1 16 .6 24 51 75 102 122 134 154 169 181 183 211 217
3 - 32X10” 1 18.4 24 50 74 104 129 146 165 180 192 200 225 232
3-67X10” 1 2 0 .2 24 49 73 104 127 145 166 186 203 217 247 249
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 1068 t  = 7  r . l ,
R r . l . '• 7 7 a 
X10 a X10 3























d e g \
50 100 150 200 250 300 350 400 450 500 550 600
1 .75X10"2 1 .0 13 26 35 38 46 52 52 52 52 51 54 54
3.49X10' 3 2 .0 30 64 89 104 118 129 134 142 147 156 162 164
5 .2 4 X 1 0 '2 3 .0 37 76 109 129 145 162 173 183 192 204 212 222
6 .98X1 O' 3 4 .0 37 79 117 138 156 177 190 204 213 231 242 251
8 . 73x 10"a 5 .0 40 83 122 148 168 190 209 225 236 254 266 279
1. 05X10"1 6 .0 41 85 124 151 172 195 218 234 247 263 277 293
1.22X10" 1 7 .0 41 87 126 153 176 199 225 240 255 278 293 307
1.40X 10"1 8 .0 41 86 126 153 176 203 230 246 262 284 298 317
I . 57XIO" 1 9 -0 41 87 127 156 181 211 238 253 268 288 304 322
1.75X10' 1 10.0 41 88 129 157 186 215 245 264 280 298 313 331*
1.92X 10"1 10.9 42 90 130 157 186 213 242 264 279 299 311 337
2 . 27X10"1 12 .8 43 94 138 165 194 222 251 277 293 318 335 366
2.62X 10" 1 14. 7 43 93 137 164 194 221 252 280 294 319 335 360
2.97X 10" 1 16 .6 42 97 142 171 202 231 262 296 317 343 356 387
3-32X10’ 1 18 .4 42 97 142 171 200 231 263 300 324 353 369 404
3 -67X IC 1 2 0 .2 42 96 142 173 207 244 ' 279 316 337 362 382 417
B raw ley C ascade No. 1068 t  = 9 r .  1.
1. 75X10"2 1.0 8 17 22 29 38 40 49 55 61 62 65 71
3 - ■ugxio-2 2 .0 11 33 42 55 71 78 89 101 108 112 116 121
5* 24X10-3 3 .0 13 39 54 70 90 107 120 134 148 158 166 174
6.98X 10-3 4 .0 15 42 58 74 97 116 130 152 166 177 185 194
8 . 73XI0"3 5 .0 17 44 66 86 99 130 144 172 190 202 214 230
1.05X10" 1 6 .0 17 44 65 87 111 134 150 181 203 215 227 245
1.22X10' 1 7 .0 18 45 67 90 115 139 154 184 213 227 242 259
1 .4 0 X 1 0 '1 8 .0 18 45 71 94 122 148 164 198 230 245 260 279
1.57X10' 1 9 .0 18 45 70 94 122 148 166 201 233 249 264 282
1. 75X10” 1 10.0 18 45 69 93 121 145 164 205 240 261 276 292
1.92X 10"1 10 .9 18 47 71 94 122 145 163 206 242 264 282 308
2.27X 10' 1 12.8 18 47 73 96 124 145 I65 212 250 276 296 321
2.62X10' 1 1 4 .7 19 47 74 99 126 150 175 221 259 293 309 340
2.97X10-1 16 .6 18 48 78 102 129 156 183 231 274 307 326 359
3 . 32XIO" 1 18.4 18 47 81 105 133 161 187 238 289 321 342 377
3.67X10’ 1 2 0 .2 18 47 81 108 140 169 198 251 309 341 361 397
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 1032 t  = 5 r . l .

























\  n 
degS.
50 100 150 200 250 300 350 400 450 500 550 600
1.75X10”2 1 .0 19 28 31 43 44 47 48 50 50 51 51 51
3-49X10”3 2 .0 38 67 81 102 121 133 141 145 154 163 170 169
5 .2 4 x io -2 3 -0 42 78 94 119 140 156 169 174 187 199 205 204
6.98X 10”2 4 .0 42 78 96 122 146 166 181 190 204 215 221 224
8 .73X1O' 3 5 .0 42 79 100 127 152 173 189 200 212 224 231 233
1.05X10" 1 6 .0 43 80 101 128 152 174 191 201 216 225 232 234
1.22X10" 1 7 .0 43 80 102 131 155 179 199 211 228 242 250 262
1.40X10” 1 8 .0 43 79 103 134 159 185 206 223 247 260 266 285
1.57X10" 1 9 .0 44 80 105 137 162 189 209 226 251 267 275 298
1.75X10” 1 1 0 .0 44 81 106 140 165 1 9 1 . 213 230 256 273 283 307
1.92X10"1 10.9 44 81 106 139 165 194 215 231 257 277 288 311
2 . 27X1O' 1 1 2 .8 44 80 108 142 167 197 217 232 261 278 288 313
2 . 62X10” 1 14-7 44 79 107 146 171 200 220 232 269 284 294 320
2.97X10’ 1 16 .6 43 78 107 146 171 201 221 234 269 284 298 326
3* 32X10" 1 18.4 43 77 108 148 172 202 223 241 275 289 297 330
3 . 67XIO' 1 2 0 .2 43 76 107 148 173 202 225 245 282 296 301 323
B raw ley C ascade No. 1032 t  = 7 r .  1.
1-75X10"3 1 .0 10 28 38 51 56 65 73 77 77 78 78 78
3-49X10”3 2 .0 29 73 113 144 162 180 196 209 209 216 223 222
5 .2 4 x io ”3 3 .0 33 85 135 171 195 216 235 251 254 262 272 271
6 . 98X10"3 4 .0 34 92 145 186 214 237 256 277 283 294 307 305
8.73X 10"2 5 .0 36 97 152 195 226 251 271 296 300 312 329 328
1.05X10’ 1 6 .0 37 103 158 202 234 262 281 3O8 320 334 351 358
1.22X10” 1 7 .0 37 103 161 210 243 274 293 323 336 359 376 388
1.40X10” 1 8 .0  1 37 103 162 212 245 277 298 329 348 371 390 401
1.57X10' 1 9 .0 37 103 164 217 251 282 304 337 354 382 405 420
1.75X10” 1 1 0 .0 37 104 165 218 254 284 312 344 362 394 419 432
1 .9 2 X 1 0 '1 10.9 37 104 165 217 255 284 315 349 371 404 432 447
2 . 27X10” 1 1 2 .8 37 105 167 220 258 286 320 357 379 412 446 465
2 . 62X10“ 1 14 .7 37 106 172 227 268 294 331 369 397 428 461 481
2.97X10” 1 16.6 36 107 174 228 272 299 336 378 407 443 474 499
3-32X10” 1 18.4 37 IO7 177 231 274 303 343 384 417 462 493 511
3 . 67XIO” 1 2 0 .2 37 106 176 233 275 308 249 392 425 467 497 507
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 1032 t  = 9 r . l .
R r . l . *■77






















50 100 150 200 250 300 350 400 450 500 55 O 600
1.75X10"2 1 .0 7 13 22 26 32 38 43 44 46 48 48 53
3. 49X1 O' 2 2 .0 18 40 64 86 103 118 128 139 152 163 162 175
5.24X 10"2 3 -0 21 48 85 118 137 161 I 77 192 209 228 226 241
6.98X 10*2 4 .0 22 52 91 127 148 173 190 209 226 244 244 267
8 . 73X10"2 5 .0 22 54 95 137 162 I87 206 225 245 267 274 302
1.05X10" 1 6 .0 22 55 95 138 163 189 208 230 251 273 280 313
1. 22X10"1 7 .0 23 57 97 141 165 194 213 236 255 283 290 327
1.40X 10"1 8 .0 23 57 99 142 166 194 212 236 256 282 294 332
1 .57X10-1 9 -0 23 57 98 143 168 198 216 247 266 290 308 349
1-75X10" 1 10 .0 23 57 98 142 167 195 216 246 266 289 309 347
1.92X 10"1 10 .9 23 59 100 145 172 199 221 250 272 294 317 357
2 . 27X10"1 12 .8 23 58 100 149 I 77 206 231 264 288 310 337 373
2 . 62X10"1 14-7 23 57 100 150 180 209 233 266 294 310 343 377
2.97X10" 1 16 .6 22 56 100 149 182 211 235 266 297 316 355 391
3-32X10" 1 18.1* 2l* 58 104 153 185 219 242 274 318 341 383 427
3 . 67XIO" 1 2 0 .2 24 57 104 153 184 216 240 272 318 343 386 424
B raw ley C ascade No. 1101 t  = 5 r . l .
1.75X10"2 1 .0 11 17 22 30 32 36 41 43 43 42 42 44
3-49X10' 2 2 .0 30 46 57 77 87 100 114 119 124 126 126 130
5-24X 10"2 3 .0 34 52 66 91 104 121 136 143 152 160 162 169
6 . 98X1O' 2 4 .0 34 55 70 101 120 144 159 173 I83 192 196 205
8-73X10"2 5 .0 34 55 72 103 125 149 166 180 191 202 213 223
1.05X10" 1 6 .0 35 57 74 106 128 153 170 188 199 209 220 234
1.22X10" 1 7 .0 36 59 76 99 132 160 177 194 204 215 228 241
1.40X 10"1 8 .0 36 59 77 99 134 I63 180 198 207 217 234 244
1.57X10" 1 9 .0 38 61 80 112 137 165 I83 200 212 223 240 253
1.75X10" 1 10 .0 38 63 82 113 138 167 186 205 217 227 239 256
1 .9 2 X 1 0 '1 10.9 38 64 82 114 142 173 190 208 223 234 247 262
2 . 27X10"1 12 .8 39 66 86 118 146 179 201 227 240 254 270 282
2.62X10" 1 11*. 7 39 65 85 115 145 181 203 227 250 262 283 291
2.97X1 O' 1 16 .6 39 65 85 115 143 I77 197 223 242 252 270 273
3.32X 10' 1 18. 1* 40 67 87 117 148 185 205 229 252 261 282 282
3.67X10" 1 2 0 .2 41 71 90 120 152 192 212 235 259 273 302 298
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 1101 t  = 7  r . l .
R r . l . 1 .7 7  
XIO 3 3 *53XIO 3
5 .3 0  
XIO 3
0 
0 8 .8 3
XIO 3
1 .06  
XIO 3
1 .24  
XIO 3
1.41 
X io 3 l,59a XIO 3 1 .7 7  XIO 3
1 .94
XIO 3
2 .1 2  
XIO 3
e
ta n \d e g \
50 100 150 200 250 300 350 400 450 500 550 600
1.75X10' 2 1 .0 28 43 53 60 66 70 73 74 76 75 78 78
3.^9X 10_a 2 .0 50 79 104 118 131 141 147 154 162 165 168 I67
5 .2 4 X 1 0 '3 3-0 59 91 123 143 158 174 186 191 202 207 214 216
6 . 98XIO' 3 4 .0 60 97 133 159 174 194 212 219 231 238 244 248
8 . 73x 1O' 3 5 .0 62 101 141 169 184 204 225 239 255 265 270 278
1. 05X1 0 '1 6 .0 63 105 146 178 195 215 237 252 270 278 289 298
1.22X10' 1 7 .0 63 105 147 179 195 219 241 257 276 285 298 305
1.40X 10"1 8 .0 63 104 148 179 197 221 242 260 280 289 300 308
1-57X10" 1 9 .0 63 104 147 178 197 222 245 264 285 296 310 319
1. 75X10"1 10 .0 64 105 148 178 197 221 245 262 285 294 311 331
1.92X10-1 10 .9 64 106 148 180 200 223 245 263 288 304 326 344
2.27X 10' 1 12 .8 65 107 152 185 205 229 253 271 297 315 336 354
2 . 62X10" 1 1 4 .7 65 107 153 I85 205 232 255 275 304 329 348 367
2.97X 10" 1 1 6 .6 64 106 153 186 212 236 260 281 308 332 350 369
3-32X10' 1 18 .4 64 106 153 I85 212 234 257 276 317 336 362 379
3 . 67XIO' 1 2 0 .2 64 107 154 184 211 232 263 280 319 343 362 377
B raw ley  C ascade No. 1101 t  = 9 r . l .
1.75X10' 3 1 .0 23 50 58 73 82 85 89 95 103 104 109 118
3-49X10' 3 2 .0 34 82 107 133 154 161 167 180 207 217 227 240
5 .2 4 x io " 3 3 -0 38 95 127 165 194 209 220 243 280 293 307 331
6 . 98X10"3 4 .0 38 101 139 176 2O7 228 245 272 318 332 354 382
8 . 73x 1O' 3 5 .0 38 103 142 186 221 246 262 291 338 356 379 409
1.05X10" 1 6 .0 39 107 146 190 225 252 269 301 348 369 393 426
1.22X10" 1 7 .0 40 109 148 195 232 264 286 320 366 390 416 448
1.40X10-1 8 .0 42 111 153 200 238 274 297 333 378 404 428 464
1. 57X10"1 9 .0 42 111 153 200 238 276 297 333 381 407 431 465
1.75X10' 1 10.0 42 111 152 199 238 278 302 336 383 417 444 483
1 .92X10"1 10.9 42 111 153 202 242 282 305 340 386 421 451 488
2.27X 10' 1 12.8 42 110 153 202 243 285 308 344 395 435 466 503
2 . 62X10’ 1 1 4 .7 42 109 153 202 246 291 314 353 406 447 478 512
2 . 97X10" 1 16 .6 42 111 155 205 251 293 315 356 410 448 484 523
3-32X10" 1 18 .4 42 111 154 205 252 295 322 358 418 457 491 535
3.67X 10-1 2 0 .2 42 111 154 205 254 297 329 370 431 476 508 548
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 11^0 t  = 5 r . l .
R r . l . 1 * 77 






















d e ^ \^
50 100 150 200 250 300 350 1*00 1*50 500 550 600
1-75X10"3 1 .0 22 1*0 61 67 75 79 83 86 88 87 89 89
3.^9X10~a 2 .0 27 50 77 87 98 109 111* 117 119 120 128 127
5.24X10"3 3-0 31* 71 101 117 133 11*9 151* 161 166 I7I* I83 193
6 . 98X10"3 4 .0 36 78 109 127 11*6 163 169 180 188 195 204 216
8 . 73X10"2 5 .0 38 82 111* 132 151 169 174 181* 196 208 218 232
1. 05X10*1 6 .0 38 82 113 131 151 I70 177 I85 200 212 226 240
1.22X10" 1 7 .0 38 81* 116 134 151* 175 183 191 201* 218 231 246
1.40X10’ 1 8 .0 38 83 117 135 158 179 186 193 207 220 232 248
1.5TX10” 1 9 .0 38 83 117 135 159 181 I87 195 215 228 239 253
1 .75X10' 1 10 .0 38 83 116 134 158 181 190 196 218 232 244 261
1.92X10"1 10 .9 38 81* 116 131* 158 181 188 198 221 239 251 269
2.27X10 ' 1 12 .8 38 81* 116 134 158 183 193 202 223 21*8 262 279
2 . 6  2X10” 1 11*. 7 38 83 115 I38 162 191 200 210 235 258 274 296
2.97X10 ' 1 1 6 .6 37 83 111* 139 168 198 208 220 21*1* 268 278 309
3 . 32X10’ 1 I8 . 1* 37 83 116 11*1* I77 208 218 227 256 281 292 325
3.67X10” 1 2 0 .2 38 83 115 11*1* I77 208 220 227 259 286 298 336
B raw ley C ascade No. 1150 t = 7 r .  1.
1.75X10' 3 1 .0 13 19 28 31* 36 40 1*5 1*8 52 51 51 51
3-49X10-3 2 .0 21 39 57 71 76 88 98 109 123 128 131 133
5 .2 4 x io “3 3 .0 24 1*1* 68 86 95 116 129 11*2 157 162 164 171
6 . 98X1 0 '3 1*.0 25 1*6 73 96 108 128 11*3 158 I78 182 184 190
8.73X10-2 5 .0 26 1*7 75 98 112 134 11*9 I65 I87 191* 195 200
1.05XJ0" 1 6 .0 26 1*7 75 99 115 139 156 174 200 208 209 214
1. 22X10*1 7 .0 26 1*9 79 101* 119 11*7 164 181 206 213 213 217
1.40X 10'1 8 .0 26 50 81 105 120 11*8 167 185 209 218 217 222
1.57X10" 1 9 .0 26 50 80 107 122 151 169 I87 211* 221 222 228
1.75X10" 1 10 .0 26 50 79 105 122 152 170 188 211* 221 221 230
1.92X10"1 10 .9 26 51 81 107 121* 151* 170 190 215 222 222 231
2.27X10 ' 1 12 .8 26 51 82 107 121* 153 171 189 211* 220 221 230
2 . 62X1O’ 1 11*. 7 26 50 80 108 126 155 171 189 215 221 222 230
2 .97X10“ 1 1 6 .6 25 1*9 79 109 127 156 172 189 211* 219 222 231
3-32X10" 1 18.1* 25 1*9 80 109 127 155 172 188 211* 221 221 230
3 . 67XIO" 1 2 0 .2 25 1*9 80 109 125 154 171 189 211* . 221 221 230
TABLE I ( C o n t i n u e d )
B raw ley C ascade No. 1045 t  = 4 r . l .
R r . l . ‘ •77 .
XIO 3 3 >53aXIO 3
5 -3 ?  


















d e g \
50 100 150 200 250 300 350 400 450 500 550 600
1.75X10*3 1 .0 15 38 1*5 53 59 66 70 75 77 78 78 78
3.49X10' 2 2 .0 33 73 89 105 124 135 144 155 162 169 168 169
5 .2 4 X 1 0 '2 3 .0 1*1 81* 102 121 143 166 176 191 206 214 212 219
6.98X 10' 2 4 .0 1*3 89 IO7 125 152 182 197 217 233 242 242 249
8 . 73XI0"a 5 .0 1*1* 91 110 133 162 194 213 236 250 259 266 274
1.05X10" 1 6 .0 1*6 96 115 11*0 168 204 224 251 269 276 283 293
1.22X10' 1 7 .0 1*7 97 119 11*5 172 209 231 258 277 289 299 308
1 .4 0 X 1 0 '1 8 .0 1*8 97 120 11*7 174 211 234 264 284 297 308 316
1-57X10' 1 9 .0 1*8 98 120 li*9 175 213 235 264 285 302 313 320
1.75X10-1 10 .0 1*8 98 119 11*7 173 209 233 262 282 301 310 315
1 .9 2 X 1 0 '1 10 .9 1*8 98 120 11*9 176 212 235 264 284 302 312 322
2 . 27X10' 1 12 .8 51 102 121* 157 184 220 246 276 295 318 328 336
2 . 62X1 0 '1 11*. 7 51 102 125 158 187 223 253 285 305 326 339 350
2.97X 10” 1 16 .6 51 103 128 167 198 237 272 304 321 3i*3 31*9 360
3.32X10" 1 18 .4 52 101* 131 171* 204 244 277 312 .333 360 368 370
3 . 67XIO' 1 2 0 .2 52 103 130 171* 205 245 279 319 339 368 378 372
Braw ley C ascade No. 1045 t = 6 r . l .
1.75X10' 2 1 .0 16 31* 1*1* 56 64 69 73 76 78 77 84 84
3.49X 10' 3 2 .0 39 68 92 116 138 153 167 I 76 182 193 205 207
5 .2 4 x i o - a 3 .0 1*5 77 106 137 166 186 207 220 233 252 262 275
6 .9 8 X 1 0 '2 1*.0 1*5. 79 109 140 172 192 213 230 245 265 276 290
8 . 73X10‘ a 5 .0 1*7 82 113 145 184 204 227 246 267 289 301 315
I . 05XIO' 1 6 .0 1*8 81* 118 150 189 212 238 259 279 304 319 331
1.22X10' 1 7 .0 1*8 85 119 152 192 217 243 263 283 314 327 341
i . i t o x io * 1 8 .0 1*8 85 121 154 195 219 248 267 285 318 332 348
1.57X10" 1 9 .0 1*8 85 120 154 193 219 248 268 285 316 331 349
1.75X10' 1 1 0 .0 1*8 86 121 153 194 220 248 270 286 320 340 359
1.92X 10"1 10.9 1*9 87 122 154 195 219 247 271 286 321 341 362
2 . 27X10' 1 12.8 1*9 86 121 153 195 220 246 273 291 326 351 376
2.62X10' 1 11*. 7 1*9 86 122 156 198 222 250 275 293 331 357 388
2 .97X1O' 1 16 .6 1*8 89 12l* 162 207 234 260 285 305 340 363 396
3-32X10' 1 18.1* 1*9 92 128 167 213 244 268 300 321 355 387 420
3.67X 10' 1 20 .2 1*9 91 128 167 214 244 266 302 323 364 399 426
TABLE I ( C o n t i n u e d )
Braw ley C ascade No. 10^5 t  = 8 r . l *
R r . l . 1 .7 7  
XIO a 3-53  XIO 3
5 .3 0  
XIO 3
O 
O 8 .8 3
XIO 3






1 .5 9  
XIO 3 1 .7 7  XIO 3
1 .9 4
XIO 3




\  1* 50 100 150 200 250 300 350 400 450 500 550 600
1.75X10' 3 1 .0 6 2l* 35 1*1 57 61* 66 69 71 70 70 70
3.49X10*3 2 .0 11* 1*7 70 96 125 135 11*1* 156 165 167 169 173
5 .2 4 x io - 3 3 -0 16 55 86 118 152 166 176 193 205 213 219 226
6.98X 10"3 4 .0 18 59 93 129 167 I87 199 222 236 242 253 262
8.73X 10"3 5 .0 18 59 94 135 173 195 208 233 . 247 256 268 279
I.O 5 XIO' 1 6 .0  ■ 19 60 96 138 178 202 219 243 259 266 281 293
1.22X 10"1 7 .0 19 61 97 H*5 I87 212 230 255 274 281 294 311
1 .4 0 X 1 0 '1 8 .0 19 61 99 146 191 217 236 259 279 286 297 313
1.57X10" 1 9 .0 19 61 98 11*6 192 219 2i*0 264 283 291 302 320
1.75X10-1 1 0 .0 19 61 97 11*5 191 217 237 263 283 297 312 331
1.92X 10-1 10.9 19 61 97 11*5 192 217 237 262 280 296 313 337
2.27X 10" 1 1 2 .8 19 61 96 11*3 193 219 241 270 291 305 330 352
2 . 62X10"1 11*. 7 20 62 98 11*5 198 226 254 285 310 322 352 381
2.97X 10' 1 1 6 . 6 19 62 97 11*7 201 230 257 289 314 322 353 375
3.32X 10’ 1 18.1* 19 61 96 11*6 200 231 259 294 317 324 369 388
3.67X 10-1 2 0 .2 20 61 98 11*8 201 23<* 265 •3O6 323 332 375 399
TABLE II
N (<R) v s  N(<0) f o r  SSS Cascades
SSS C ascade No. 51 t  = 4 . 2  r . l .
R r . l . 3 .0 9
XIO' 3
6 .1 7  
XIO' 3
9 .2 6

























25 50 75 100 150 200 250 300 350 400 450 500 550 600
1. 75x 10' ° 1 .0 15 29 37 39 44 51 53 53 57 59 59 58 58 58
3 .49X 10' 3 2 .0 3 7 ' 66 88 95 116 134 141 147 152 155 157 161 161 161
5 - S'+XIO-13 3 .0 44 78 103 113 146 170 186 194 204 210 218 228 227 227
6 .98X 10 '° <(.0 45 81 106 117 152 I 78 202 212 227 242 249 264 268 267
8 .7 3 X 1 0 '° 5 .0 48 85 110 121 158 186 216 229 242 262 273 291 298 296
1.05X10' 1 6 .0 48 86 111 123 162 194 225 242 257 283 295 320 331 329
1. 22X10*1 7 .0 48 87 110 124 164 196 227 244 2o 0 . 285 300 325 336 342
1 .4 0 X 1 0 '1 8 .0 48 88 111 125 166 199 230 248 267 293 308 335 345 350
1. 57X1 o' 1 9 .0 49 88 112 126 167 203 237 255 275 302 317 343 354 364
1.75X10' 1 10 .0 49 88 112 127 170 20 6 240 258 280 307 321 349 361 372
1 .9 2 X 1 0 '1 10.9 49 87 113 128 171 208 241 261 285 313 326 353 367 377
2. 27X10" 1 12 .8 49 87 114 128 172 208 243 263 286 31** 329 357 374 381
2.62X1 O' 1 1 4 .7 49 88 117 131 176 212 247 267 293 320 337 363 381 384
2.97X 10' 1 16 .6 49 89 118 131 176 211 247 269 296 321 336 361 370 383
3-32X10' 1 18 .4 49 89 118 130 174 211 246 269 297 329 342 372 385 391
3-67X10' 1 2 0 .2 49 ' 89 118 130 173 210 243 265 291 322 339 370 381 388
SSS C ascade No. 51 t * 5 -9  r . 1.
1 .75X 10 '° 1 .0 29 60 68 77 91 99 103 IO7 108 110 110 109 114 114
3-49X1 O' 3 2 .0 33 76 94 115 145 171 181 195 200 207 207 211 216 216
5-24X 10 '3 3 .0 34 79 102 128 175 224 250 271 286 302 304 312 316 319
6 .9 8 X 1 C 3 4 .0 34 85 112 141 193 251 289 317 338 363 372 389 401 406
8 . 73XIO' 3 5 .0 34 85 115 145 202 262 306 337 363 397 408 443 460 464
1.05X10' 1 6 .0 34 85 117 148 210 277 326 362 397 442 456 495 516 520
1.22X1 O' 1 7 -0 34 85 118 150 215 282 334 372 412 458 471 512 536 547
1 .4 0 X 1 0 '1 8 .0 34 85 118 150 216 283 336 374 416 463 476 521 544 554
1.57X10' 1 9 .0 3 1* 85 118 150 217 285 338 378 422 472 487 533 555 564
1.75X10' 1 10 .0 34 85 119 152 219 287 340 383 428 477 495 544 564 572
1 .9 2 X 1 0 '1 10.9 34 84 119 152 219 288 343 388 436 486 505 557 581 591
2.27X 10' 1 12 .8 34 84 120 152 223 291 346 391 441 494 513 568 598 605
2.62X1 O' 1 1 4 .7 34 85 122 155 225 293 348 397 448 503 520 578 611 614
2.97X 10" 1 16 .6 34 85 122 154 224 291 348 398 451 512 541 593 624 625
3-32X10' 1 18.4 34 85 122 154 226 295 354 403 456 519 548 598 635 640
3 . 67XIO' 1 2 0 .2 3** 85 122 155 227 296 356 405 458 521 548 604 6*4*4 650
TABLE I I  ( C o n t i n u e d )
SSS C ascade No. 51 t  = 7 .5  r . l .
R r . l . 3 .0 ?  
XIO 3





























d e g \
25 50 75 100 150 200 250 300 350 400 450 500 550 600
1-75X10”3 1 .0 10 21 31* **5 56 64 69 70 70 70 72 71 71 71
3-49X10”3 2 .0 31 62 105 136 ' 180 210 235 245 252 253 259 261 261 261
5 .2 4 X 1 0 'a 3 .0 39 80 131 171 232 278 313 330 343 347 356 373 372 378
6 . 98X10”3 4 .0 39 83 141 184 256 316 364 390 403 414 431 449 448 458
8 . 73X10”2 5 .0 40 37 147 191 273 338 393 427 449 465 484 503 515 539
1. 05X10”3 6 .0 40 87 149 194 281 358 420 456 489 513 537 565 592 621
1.22X10” 1 7 .0 42 89 151 199 293 373 443 482 520 552 587 615 641 681
1.40X10"1 8 .0 **3 91 153 2 0 2 . 301 385 459 501 550 589 630 659 690 737
1.57X10' 1 9 .0 **3 91 154 204 305 392 474 518 573 613 656 691 729 787
1.75X10-1 10 .0 1*3 91 154 204 305 393 479 525 582 625 669 707 742 810
1-92X10" 1 10.9 1*3 90 154 205 307 396 486 532 592 639 682 728 765 838
2 . 27X10” 1 12.8 1*3 91 155 205 312 403 501' 548 610 659 704 747 800 879
2 . 62X10” 1 14 .7 44 92 157 207 313- ’ 408 507 557 620 674 720 762 819 908
2 . 97X10” 1 16.6 44 92 157 208 317 412 513 565 629 685 733 776 835 937
3-32X10” 1 18.4 44 92 157 208 318 414 515 565 633 691 740 784 841 942
3.67X 10”1 2 0 .2 44 92 157 209 320 417 519 589 641 699 754 808 864 968
SSS C ascade No., 51 t  = 9 -3  r . l .
1.75X10' 3 1 .0 3 7 15 19 25 29 38 40 40 43 43 44 44 44
3.49X 10-3 2 .0 6 21 42 60 90 112 137 151 158 169 181 185 188 188
5 .2 4 x io *3 3 -0 6 26 48 66 103 135 170 193 209 230 248 256 263 266
6 . 98X10”3 4 .0 7 28 52 72 111 149 188 216 237 263 284 299 311 322
8 . 73x 10”3 5 .0 8 29 55 78 122 161 203 237 260 293 318 337 354 369
1, 05X1O' 1 6 .0 8 29 55 79 124 167 214 248 274 322 352 382 403 424
1.22X10' 1 7 .0 8 29 55 81 129 174 223 260 290 342 375 414 440 460
1.40X10” 1 8 .0 8 29 56 83 131 179 232 270 301 355 388 **33 461 488
1.57X10”1 9 .0 9 31 58 86 133 182 235 274 306 364 397 441 468 501
I . 75XIO” 1 10.0 10 31 59 88 137 188 242 284 318 378 412 458 491 525
1.92X10” 1 10 .9 10 31 59 88 138 189 244 288 322 384 417 462 499 538
2 . 27X10” 1 12 .8 10 32 60 88 141 192 247 291 325 ■ 386 425 471 514 561
2 . 62X10” 1 1 4 .7 10 32 60 88 141 194 250 297 333 397 440 483 529 574
2.97X 10” 1 16 .6 10 32 60 87 142 195 252 301 333 . 401 446 494 540 595
3-32X10” 1 18 .4 10 32 60 86 140 193 251 299 334 403 448 498 545 611
3.67X 10” 1 2 0 .2 10 33 60 88 143 197 255 305 338 406 451 505 552 616
TABLE I I ( C o n t i n u e d )
SSS C ascade No. 59  t  = 3*7 r . l .
















5 -5 6 ,
XIO 2







ta n d e g \
25 50 75 100 150 200 250 300 350 400 450 500 550 600
1-75X10' 3 1 .0 15 24 29 32 39 39 39 39 39 39 39 38 38 38
3.49X 10"2 2 .0 25 46 58 66 76 77 77 78 78 78 78 77 77 77
5 .2 4 x io "3 3 .0 28 53 67 76 86 88 91 91 91 90 90 89 88 88
6 . 98x i0' a 4 .0 30 56 72 83 96 100 105 105 108 IO7 106 105 104 106
8.73X 10"2 5 .0 30 56 73 83 99 104 111 113 115 114 113 111 110 114
1.05X10" 1 6 .0 30 56 73 84 100 106 115 119 122 121 119 120 118 124
1.22X10" 1 7 .0 30 56 72 84 100 105 114 117 123 121 118 118 116 122
1.40X 10"1 8 .0 30 56 72 85 103 109 121 123 128 129 126 128 127 132
1.57X10" 1 9 .0 30 .5 6 72 85 103 111 122 125 129 135 132 133 131 138
1.75X10" 1 10.0 30 56 72 85 103 112 123 125 131 138 134 135 134 139
1.92X10"1 10.9 30 56 73 87 105 114 124 129 134 140 137 141 139 144
2.27X10- 1 12.8 30 57 74 87 105 114 125 132 138 149 146 148 147 151
2 . 62X10"1 l i t . 7 30 57 74 87 104 112 125 132 140 150 149 148 145 151
2.97X10' 1 16.6 30 57 74 86 105 ni 124 133 142 153 152 151 151 158
3-32X10* 1 18. 1* 30 57 75 86 104 113 125 132 143 156 161 159 159 168
3 . 67XIO- 1 2 0 .2 30 57 75 86 103 112 127 134 143 159 166 162 168 184
SSS C ascade No. 59 t  = 5 -2  r . l .
1.75X10’ 2 1.0 25 37 44 50 55 58 59 60 60 60 60 59 59 59
3-49X10"3 2 .0 26 45 56 64 76 83 84 86 86 88 90 89 89 89
5* 24X10"3 3 .0 32 60 78 93 114 132 143 148 151 153 157 161 160 163
6.98X 10"3 lt.0 33 62 82 98 125 150 163 172 176 182 185 195 194 196
8 . 73x 10"3 5 .0 33 62 84 99 131 159 174 185 187 193 198 212 213 214
1.05X10" 1 6 .0 35 64 87 103 136 166 182 197 200 209 213 230 230 234
1.22X10" 1 7 .0 35 66 90 107 146 177 199 215 221 230 238 254 257 260
1.40X 10"1 8 .0 35 66 90 107 147 180 202 222 233 247 254 271 273 275
1.57X10' 1 9 .0 35 66 90 108 149 186 207 229 241 256 265 281 288 288
1.75X10" 1 10.0 37 68 92 110 151 188 210 233 246 263 277 296 303 303
1.92X 10"1 10 .9 37 67 92 110 151 188 210 237 251 273 286 306 320 318
2. 27X1 O’ 1 12.8 37 68 93 110 152 190 217 246 261 287 298 321 338 337
2.62X10" 1 14. 7 37 68 93 110 152 189 216 248 268 295 306 326 341 338
2-97X10" 1 16 .6 37 68 93 109 152 189 215 248 270 301 316 339 354 352
3.32X10" 1 18.lt 37 68 93 108 151 189 217 250 273 307 330 352 366 369
3.67X10" 1 20 .2 37 69 94 111 154 191 218 253 275 310 331 1 352 369 370 |
TABLE I I  ( C o n t i n u e d )
SSS C ascade No. 59 t  = 6 .8  r . l .
R r. l . 3 .0 9
XIO"2 6 - %XIO
9 -2 6
XIO"3 XIO 2























d e g \
25 50 75 100 150 200 250 300 350 400 450 500 550 600
1.75X10' 8 1 .0 2 10 15 17 25 26 27 28 28 28 28 29 29 32
3.49X10"2 2 .0 4 17 30 40 66 72 78 80 81 83 85 86 89 95
5.24X 10"2 3 .0 7 20 36 52 83 99 111 116 121 122 128 132 136 142
6.98X10" 2 4 .0 7 21 42 61 97 122 136 145 153 151* 161 164 171 176
8.73X10"2 5 .0 7 21 **5 69 109 137 158 172 185 I 87 200 209 219 225
1.05X10" 1 6 .0 7 21 45 69 111 143 171 191 204 208 224 236 247 253
1. 22X10" 1 7 .0 7 21 44 70 115 151 183 202 218 223 238 257 268 274
1.40X10"1 8 .0 7 21 44 73 122 161 195 214 232 240 261 281 294 299
1-57X10" 1 9 .0 7 21 45 74 124 164 201 222 239 247 270 292 306 310
1.75X10" 1 10 .0 7 22 46 75 126 167 204 228 246 259 281 302 317 320
1.92X10"1 10.9 7 21 46 75 128 171 212 238 260 275 300 327 352 356
2.27X 10"1 12 .8 7 23 48 76 129 172 216 244 269 283 3O7 33*t 364 377
2.62X1 O' 1 1 4 .7 7 23 48 77 131 177 224 251* 280 300 325 35^ 285 399
2.97X10" 1 16 .6 7 23 48 76 I 3O 178 226 256 284 308 333 360 389 401
3-32X10" 1 18.4 7 23 48 75 128 178 227 257 288 311 3^3 370 399 414
3 . 67XIO' 1 2 0 .2 7 ■ 23 48 75 127 176 225 259 292 318 3^9 380 412 425
SSS C ascade No. 59 t = 8 .3  r . l .
1. 75X10"2 1 .0 6 11 11 15 17 19 20 21 22 24 24 23 23 23
3.49X10" 2 2 .0 9 21 28 35 41 47 53 57 60 63 63 62 62 62
5 . 24X10”2 3 .0 11 30 39 48 63 76 89 96 105 118 124 125 127 127
6.98X 10"2 4 .0 12 31* 44 53 72 91 104 114 129 145 158 168 172 171
8 .73X1 O' 2 5 .0 12 3** **5 58 83 105 123 140 159 179 196 205 209 207
1.05X10" 1 6 .0 12 35 46 60 86 116 137 157 182 201 219 236 241 242
1.22X10" 1 7 .0 13 36 47 62 90 123 149 172 202 227 248 267 278 280
1.40X10"1 8 .0 13 37 49 64 94 128 157 184 214 243 264 284 296 304
1.57X10" 1 9 .0 13 37 49 64 93 129 157 I87 219 249 272 291 308 317
1 .75X10" 1 10 .0 13 37 49 64 95 132 161 194 226 260 288 310 324 335
1. 92X10” 1 10.9 13 36 49 65 97 135 164 201 235 270 ■298 320 336 347
2.27X10" 1 12.8 13 36 49 64 101 140 172 210 244 289 332 355 380 387
2 . 62X10"1 1 4 .7 13 37 50 65 103 144 176 215 249 296 339 368 394 400
2.97X10" 1 1 6 .6 13 37 51 66 107 146 180 219 252 298 344 378 403 413
3.32X10" 1 18 .4 13 37 51 65 106 146 185 226 265 311 358 392 419 436
3.67X10" 1 2 0 .2 14 37 51 68 109 149 190 230 271 321 368 401 426 447
TABLE I I  ( C o n t i n u e d )
SSS C ascade No. I33 t  = 3 .7  r . 1.
R r . l . 3 .0 9  
X10 3



























ta n \d e g \
25 50 75 100 150 200 250 300 350 400 450 500 550 600
1. 75X10"2 1 .0 1 5 7 9 10 10 10 10 10 10 10 10 10 10
3 . 49X1 O' 2 2 .0 5 14 19 23 25 25 25 25 26 26 26 26 26 26
5* 24X10”2 3 .0 5 15 20 26 29 29 30 30 31 31 31 31 33 33
6.98X 10' 3 4 .0 8 19 24 31 35 35 36 37 40 40 40 41 44 43
8 .73X10"2 5 .0 8 19 24 31 37 38 39 40 *♦3 42 42 **3 46 ^5
1.05X10*1 6 .0 8 19 24 31 38 39 41 42 45 45 44 45 47 46
1.22X1 O' 1 7 .0 9 22 27 34 41 43 45 47 50 49 47 48 50 48
1.40X10"1 8 .0 9 22 27 34 41 43 46 49 51 50 48 48 52 49
1.57X10" 1 9 .0 9 22 27 34 41 43 48 50 52 52 50 51 54 51
1.75X10' 1 10.0 9 22 27 34 41 ^3 48 50 51 50 48 49 54 50
1.92X1 O' 1 10.9 10 23 28 35 42 45 50 52 53 52 49 50 54 50
2.27X1 O' 1 12.8 10 23 28 35 43 48 52 53 55 57 53 52 56 58
2.62X1 O' 1 1 4 .7 10 23 28 35 43 48 54 56 58 61 59 57 60 64
2.97X 10' 1 16 .6 10 23 28 35 43 49 56 58 59 62 61 58 62 64
3.32X 10-1 18.4 10 23 28 35 44 51 57 60 60 65 63 59 65 69
3 .6 7 X lC f1 2 0 .2 10 23 28 3** 44 49 54 56 60 65 66 62 68 75
SSS C ascade No. 133 t = 5 . 2  r 1.
1.75X10' 2 1 .0 4 13 15 17 19 20 20 20 20 20 24 24 24 24
3-49X10' 2 2 .0 5 16 20 23 31 33 34 35 35 35 39 39 39 39
5 .24X10“2 3 .0 8 23 31 41 58 62 64 66 66 66 70 70 69 69
6 . 98XIO- 2 4 .0 11 26 35 48 69 74 76 79 80 80 84 83 83 82
8 . 73X10"2 5 .0 11 26 35 48 70 77 80 86 89 88 92 93 95 94
1.05X10' 1 6 .0 11 26 35 49 72 82 88 95 98 98 103 104 105 104
1.22X10’ 1 7 .0 11 27 36 51 75 86 92 101 104 109 117 119 123 121
1.40X10"1 8 .0 11 27 37 52 77 89 99 110 113 120 128 129 133 133
1.57X10" 1 9 .0 11 27 37 52 78 90 102 112 115 126 136 136 139 142
1.75X10" 1 10 .0 11 27 37 52 78 90 102 114 117 130 144 147 153 154
1.92X10" 1 10.9 11 27 37 52 79 92 106 118 122 136 149 151 156 lb l
2. 27X1 O' 1 12.8 11 27 37 52 79 92 107 120 124 140 154 158 162 172
2 . 62X10“ 1 1 4 .7 12 28 38 53 80 94 111 125 130 146 166 169 172 181
2.97X10' 1 16 .6 12 28 38 53 79 95 112 129 135 151 170 175 178 189
3-32X10’ 1 18.4 12 28 38 53 78 95 114 131 138 154 178 181 184 197
3.67X10' 1 2 0 .2 12 28 38 52 78 94 114 130 137 152 181 183 187 200
TABLE I I ( C o n t i n u e d )
SSS C ascade No. I33 t  ~ 6 . 7  r . l . -
R r . l . 3 .0 9  
X10 3
6 .1 7  
X10 3






2 .4 7  
X10 2
3 .0 9  
X10 2
3 . 7O 
X10 2
4 .3 2  
X10 2











ta n d e g \
25 50 75 100 150 200 250 300 350 400 450 500 550 600
1 .75X10”2 1 .0 4 11 11 16 25 27 29 30 31 31 31 31 31 31
3 - ^9X10_a 2 .0 4 12 15 21 36 40 45 47 48 50 52 52 52 55
5-2 4 X 1 0 '2 3 .0 6 17 21 28 52 63 70 75 78 81 83 83 85 87
6 . 98X10”2 x*. 0 6 21 25 33 59 70 79 84 88 93 97 100 106 107
8.73X 10-3 5 .0 6 21 25 31* 63 76 86 92 96 100 104 107 113 114
I . 05XIO' 1 6 .0 6 21 26 35 65 80 92 97 101 109 114 118 122 124
1.22X10” 1 7 .0 6 22 27 36 66 81 92 101 105 114 118 122 126 127
1.40X10” 1 8 .0 6 22 27 36 67 83 94 108 110 121 125 127 132 131
1-57X10" 1 9 .0 6 22 28 37 69 85 98 112 118 129 137 139 142 145
1.75X10” 1 10 .0 6 22 28 37 71 87 102 117 122 132 140 144 148 149
1.92X10” 1 10 .9 6 22 28 37 71 87 102 119 127 136 145 150 155 156
2 .27X 10"1 12.8 6 22 28 37 71 88 103 121 130 139 152 159 I 65 167
2.62X10” 1 14 .7 6 23 29 39 74 92 108 126 136 144 160 165 175 176
2.97X10” 1 16 .6 6 23 31 41 75 93 111 129 I 38 151 166 172 186 186
3-32X10' 1 18. 1* 6 24 32 42 75 93 112 132 142 154 168 174 197 199
3 . 67XIO” 1 2 0 .2 6 24 32 41 75 91 110 129 140 152 168 185 208 216
SSS C ascade No. 306 t = 4 .9  r . 1.
1. 75X10"2 1 .0 5 11 14 14 15 17 19 19 19 19 19 18 21 21
3 .4 9 x io ”2 2 .0 5 18 28 30 38 48 51 55 58 58 58 57 59 59
5 - 2^X10-2 3 .0 6 19 32 37 50 63 69 76 80 79 81 80 81 81
6 . 98X10”2 4 .0 6 22 35 **3 59 74 82 92 99 99 102 99 1"5 104
8 . 73X JO-3 5 -0 6 22 35 44 64 78 88 99 106 109 114 112 116 114
1.05X10" 1 6 .0 7 23 37 46 67 82 95 106 117 121 127 127 131 137
1.22X10” 1 7 .0 7 23 36 47 68 84 98 110 123 126 135 136 139 147
1.40X10” 1 8 .0 7 23 37 48 71 87 101 113 128 131 142 146 148 156
1.57X10' 1 9 .0 7 23 38 49 73 90 103 115 132 136 151 154 155 162
1.75X10" 1 10.0 7 23 38 49 74 90 103 115 132 137 155 158 157 163
1.92X10” 1 10.9 7 22 ' 38 49 75 91 103 116 133 139 I56 158 156 160
2.27X10” 1 12.8 7 ' 22 38 48 76 93 107 122 137 148 I67 169 171 175
2.62X10” 1 14 .7 7 22 38 48 77 93 111 132 148 161 182 184 194 200
2 .97X10” 1 16.6 7 22 38 48 78 95 113 134 148 160 179 184 191 195
3.32X10” 1 18.4 7 23 39 48 77 97 115 137 154 166 183 190 201 215
3. 67x 10”' 2 0 .2 7 23 40 49 76 98 118 141 159 177 196 204 212 228
TABLE 1! ( C o n t i n u e d )
SSS C ascade No. 3^6 t  » 6 .9  r « l .
R r . l . 3-09  
XI O' 3



























ta n d e g \
25 50 75 100 150 200 250 300 350 400 450 500 550 600
1.75X10"3 1.0 1 4 10 10 12 12 13 14 14 14 14 13 16 16
3.49X 10' 2 2 .0 3 7 19 23 26 30 32 34 3^ 36 40 41 44 44
5.24X1 O’ 3 3 .0 3 8 25 32 39 44 48 53 56 58 64 65 66 66
6 . 98X10‘ 2 4 .0 3 8 27 35 <*3 50 54 62 66 70 75 79 83 82
8 .73X10‘ 2 5 .0 3 9 28 35 47 58 67 76 80 83 94 101 105 103
1.05X10" 1 6 .0 3 10 31 38 50 61 72 85 88 94 104 111 114 112
1.22X10" 1 7 .0 3 10 30 38 52 64 77 90 95 102 117 124 I 27 127
1.40X10-1 8 .0 3 10 30 40 56 69 86 100 108 117 131* 140 142 141
1.57X10" 1 9 .0 3 10 30 40 55 69 85 99 106 118 137 144 145 146
1.75X10” 1 10 .0 3 10 30 40 57 70 88 103 110 123 145 156 161 160
1 .9 2 X 1 0 '1 10 .9 3 9 30 40 59 72 91 106 116 131 151 165 168 169
2.27X10' 1 12 .8 3 9 31 40 62 75 95 111 124 141 160 175 179 178
2 . 62X10"1 1 4 .7 3 9 31 42 64 76 96 112 I 27 141 161 171* 178 175
2 . 97X10” 1 16 .6 3 9 32 42 64 76 96 111 125 140 158 173 181 184
3-32X10" 1 18 .4 3 9 32 41 62 76 96 109 122 136 154 179 190 198
3. 67X10"1 2 0 .2 3 9 33 41 62 76 95 109 128 143 161 196 205 220
d i s t r i b u t i o n s  i . e . ,  t h e  i n t e g r a l  background d i s t r i b u t i o n  has been 
s u b t r a c t e d  from the  i n t e g r a l  d i s t r i b u t i o n  of  the  cascade  s u p e r ­
imposed on background.  Consequent ly ,  as  a r e s u l t  o f  f l u c t u a t i o n s  
in  the  background a n d /o r  t h e  cascade ,  a small  d e c r e a s e  in the  
i n t e g r a l  number of  p a r t i c l e s  i s  p o s s i b l e .  This  occurs  o c c a s i o n a l l y  
a t  l a rg e  ang les  and d i s t a n c e s  where th e  number of cascade  p a r t i c l e s  
i s  small .
The exper im en ta l  r a d i a l  and a n g u la r  d i s t r i b u t i o n s  of  the  c a s ­
cades  which have been measured a r e  compared with  th e  t h e o r e t i c a l  
p r e d i c t i o n s  of  th e  co re  approxim ation  and approxim ation  B in Figs.  
9-15.  P a r t  ,lalt o f  each f i g u r e  d i s p l a y s  th e  number of  cascade  
p a r t i c l e s  N(< R) having l a t e r a l  d isp la cem e n ts  l e s s  than  R from the  
cascade  a x i s  as  a f u n c t i o n  of  EQR. P a r t  ,lbu of  each f i g u r e  shows 
th e  number of  cascade  p a r t i c l e s  N(< 9) having ang les  l e s s  than  9 
with  r e s p e c t  t o  the  cascade  a x i s  as  a f u n c t i o n  of  Eq9. The curves 
f o r  t h e  r a d i a l  core  approxim ation  (curves  C) were taken  from Kidd^^ 
w h i le  th e  cu rves  f o r  th e  a n g u la r  core  approx im ation  (curves  C1) 
were taken  from Appendix I I I .  The curves  of  approxim ation  B f o r  
t h e  r a d i a l  d i s t r i b u t i o n  (curves  B) and the  a n g u la r  d i s t r i b u t i o n  
(curves  B1) were c a l c u l a t e d  by de te rm in ing  the  t o t a l  number of  
p a r t i c l e s  from Fig.  5 .13 .3  of  Rossi36 ancj us ing th e  normalized
r a d i a l  and an g u la r  d i s t r i b u t i o n s  g iven ,  r e s p e c t i v e l y ,  by Fig.  7 
37of  P inkau and Appendix II .
35j .  Kidd, Nuovo Cimento 2_7, 57 (1963).
36b. R oss i ,  High Energy P a r t i c l e s  ( P r e n t i c e - H a l 1, I n c . ,  
Englewood C l i f f s ,  N . J . ,  1952) p. 69 .
37k. P inkau ,  Nuovo Cimento j53, 221 (1964).
Brawley cascades  1068, IO32 and 1101 had app rox im ate ly  the  
same e n e r g i e s .  T he re fo re ,  in o rd e r  to  d ec re a se  f l u c t u a t i o n s ,  the 
d i s t r i b u t i o n s  o f  the se  cascades  were averaged  and a r e  p re s e n te d  
in the  f i g u r e s  as one cascade .  For the  same reason ,  SSS cascades  
133 and 306 a r e  p re s e n te d  as  a s i n g l e  cascade .
The pr im ary  energy  Eo of  each cascade  was determined  from 
the  r a d i a l  d i s t r i b u t i o n  by comparing the ex per im en ta l  p o in t s  w ith  
the  c o re  approx im ation  cu rv es .  Only the exper im en ta l  p o i n t s  w i th in  
~  10“2 r . l .  o f  the  cascade  a x i s  were taken i n t o  c o n s i d e r a t i o n ,  
s i n c e  t h i s  is  the reg ion  where the  core  approx im at ion  cu rves  have 
p r e v i o u s l y  been shown to  be r e l i a b l e .
In making the comparison ,  a t r a n s p a r e n t  o v e r l a y  c o n t a in in g  
the  c o re  approxim ation  curves  N(<R) vs EoR p l o t t e d  t o  the same 
s c a l e  as the  expe r im en ta l  p o i n t s  was s im u l ta n e o u s ly  f i t t e d  by 
eye t o  the  expe r im en ta l  d i s t r i b u t i o n s  N(<R) vs R a t  a l l  the 
measured depths  from the  o r i g i n .  The matching o f  the  curves  in 
t h i s  manner is done w i th  some ambigu ity .  However, the agreement 
in the  energy  e s t i m a t i o n  by two d i f f e r e n t  o b s e rv e r s  was b e t t e r  
than  95$. The r a d i a t i o n  leng ths  near  the maximum o f  the  lo n g i ­
t u d i n a l  development (~ 6 -7  r . l . )  were g iven the l a r g e r  weigh t ,  
s i n c e  th e s e  should have the  s m a l le r  f l u c t u a t i o n s .  The pr imary 
ene rgy  o f  the cascade  was then  given by the  r a t i o  of  the EoR 
s c a l e  o f  the co re  approx im ation  cu rves  t o  the  R s c a l e  of  the 
expe r im en ta l  d i s t r i b u t i o n s .  The e n e r g i e s  of  the  cascades  as 
determined  from the  r a d i a l  d i s t r i b u t i o n s  a r e  shown in column 2 o f  
Table I I I .
11 mi|
Brawley 1 0 4 4  
En - 2 0 0 0  BeV
7  r.l. 5  r.l.
CD
9  r.l. 7  r.l. 5 r.l.
Fig.  9- Radia l  and an g u la r  d i s t r i b u t i o n s  of  cascade  e l e c t r o n s
f o r  Brawley cascade  1044. P a r t  "a"  compares th e  i n t e g r a l  number of
e l e c t r o n s  N(<R) with  the  r a d i a l  core  approxim ation  (curve C) and
approxim ation  B (curve B). Exper imenta l  p o i n t s  a r e  given f o r  c u t o f f
a ng le s  0 =  10 and 20°. P a r t  "b" compares the  i n t e g r a l  number of
e l e c t r o n s  N(<0) w ith  th e  a n g u la r  core  approx im ation  (curve  C1) and
approxim ation  B (curve  B')* Exper imental  p o in t s  a r e  given f o r  the
-2
r a d i a l  c u t o f f  R = 2. 1 x 10 r. 1. The d i s t a n c e  t  from the  cascade c
o r i g i n  i s . g i v e n  b e l o w  t h e  c u r v e s .
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Fig. 10. Radial  and a n g u la r  d i s t r i b u t i o n s  of cascade  e l e c t r o n s  
f o r  the average  of  Brawley cascades  1068, 1032 and 1101. P a r t  rrarr 
compares the  i n t e g r a l  number of  e l e c t r o n s  N(<R) with  the  r a d i a l  core 
approxim ation  (curve C) and approxim ation  B (curve  B). Experimental 
p o in t s  a r e  given f o r  c u t o f f  ang les  9c = 10 and 20°. P a r t  "b” com­
pa re s  th e  i n t e g r a l  number of  e l e c t r o n s  N(<9) with  the  an g u la r  core
approxim at ion  (curve C') and approxim ation  B (curve B')-  Experimen-
-2
t a l  p o in t s  a r e  given f o r  th e  r a d i a l  c u t o f f  Rc = 2.1 x 10 r. 1. The 
d i s t a n c e  t  from the  cascade  o r i g i n  i s  given below the  curves .
: Brawley 1045 
I E0= 1176 BeV
6 r.l.
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'  4  r.l.8 r.l.
Fig.  11. Radial  and a n g u la r  d i s t r i b u t i o n s  of  cascade  e l e c ­
t ro n s  f o r  Brawley cascade  1045. P a r t  "a"  compares the i n t e g r a l  
number of  e l e c t r o n s  N(<R) with  the  r a d i a l  co re  approxim ation  (curve 
C) and approximation  B (curve  B). Experimental  p o i n t s  a r e  given 
f o r  c u t o f f  ang les  0c = 10 and 20°. P a r t  "b" compares the  i n t e g r a l  
number of e l e c t r o n s  N(<0) with  t h e  an g u la r  core  approx imat ion
(curve C') and approx im ation  B (curve B1) .  Experimental  p o in t s
-2
a r e  given f o r  the  r a d i a l  c u t o f f  Rc = 2.1 x 10 r . l .  The d i s t a n c e  
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Fig.  12. Radial  and a n g u la r  d i s t r i b u t i o n s  of  cascade  e l e c t r o n s
f o r  Brawley cascade  1150. P a r t  "a"  compares th e  i n t e g r a l  number of
e l e c t r o n s  N(<R) w i th  th e  r a d i a l  co re  approxim ation  (curve  C) and
approxim ation  B (curve  B). Exper imental  p o in t s  a r e  given fo r  c u t o f f
ang les  9c = 10 and 20°. P a r t  "b" compares the  i n t e g r a l  number of
e l e c t r o n s  N(<0) w i th  th e  a n g u la r  core  approxim ation  (curve C1) and
approxim ation  B (curve  B')- Experimental  p o i n t s  a r e  given f o r  the
-2
r a d i a l  c u t o f f  R = 2.1 x 10 r . 1. The d i s t a n c e  t  from the cascade c
o r i g i n  i s  g i v e n  b e l o w  t h e  c u r v e s .
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Fig.  13. Rad ia l  and a n g u la r  d i s t r i b u t i o n s  of cascade  e l e c t r o n s  
f o r  SSS cascade  51. P a r t  "a"  compares the  i n t e g r a l  number of  e l e c ­
t r o n s  N(<R) with  the  r a d i a l  co re  approx im ation  (curve  C) and a p p ro x i ­
mation B (curve  B). Exper imenta l  p o in t s  a r e  given f o r  c u t o f f  ang les  
0^ = 10 and 20°. P a r t  Mb" compares th e  i n t e g r a l  number of e l e c t r o n s  
N(<0) w ith  the  a n g u la r  co re  approxim ation  (curve  C1) and approxima­
t i o n  B (curve B1)* Exper imental  p o i n t s  a r e  given f o r  the  r a d i a l
"2 "2 c u t o f f  R = 2. 1 x 10 and l . b  x 10 r . l .  The d i s t a n c e  t  from the  c
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Fig.  14. Radial  and a n g u la r  d i s t r i b u t i o n s  of cascade  e l e c t r o n s  
f o r  SSS cascade  59* P a r t  " a "  compares the  i n t e g r a l  number of  e l e c t r o n s  
N(<R) with  the  r a d i a l  co re  approx im at ion  (curve  C) and approxim at ion  
B (curve  B). Exper imenta l  p o i n t s  a r e  given  f o r  c u t o f f  ang les  0c = 10 
and 20°. P a r t  "b" compares t h e . i n t e g r a l  number of e l e c t r o n s  N(<0) 
w ith  th e  a n g u la r  co re  approx im at ion  (curve  C‘) and approx im ation  B
(curve B‘) .  Experimental  p o i n t s  a r e  given f o r  the  r a d i a l  c u t o f f  Rc
_2 - 2
= 2. 1 x 10 and 7-4 x 10 r . l .  -The d i s t a n c e  t  from the  cascade
o r i g i n  i s  g i v e n  b e l o w  t h e  c u r v e s .
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S S S  (1 3 3  +  3 0 6 )o v e r o g e  
E 0 " 178  BeV
10°
6 .8  r.l, 5.1 r.l.
E 0 R (B eV x r.L)
o>
............
6 .8  r.l.
Eo 0  (B eV  x ta n )
Fig. 15. Radial and angular d is tr ib u t ion s  of cascade electrons
f o r  the  ave rage  of  SSS cascades  133 and 306. P a r t  " a "  compares the
i n t e g r a l  number of  e l e c t r o n s  N(<R) w i th  t h e  r a d i a l  c o r e  approxim ation
(curve  C) and approx im at ion  B (curve  B). Exper imen tal  p o i n t s  a r e  given
f o r  c u t o f f  a n g le s  9 *» 10 and 20°. P a r t  "b"  compares the  i n t e g r a lc
number of e lectrons  N(<0) with the angular core approximation (curve C1)
and approx im at ion  B (curve  B')* Exper imenta l  p o i n t s  a r e  g iven  f o r
- 2  - 2t h e  r a d i a l  c u t o f f  R “ 2. 1 x 10 and 7 . ^  x 10 r . l .  The d i s t a n c e  tc
from the cascade or ig in  i s  given below the curves.
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TABLE I I I
Cascade Energ ies  Using Core Approximation
Cascade E0 (3eV) 
From Ra d i a l  
D i s t r i b u t i o n
E0 (BeV) 
From Angul a r  
















The i l l u s t r a t i o n s  in Fig.  16 a r e  examples o f  photographs  of  
s c a l e  models c o n s t r u c t e d  to  show the  d i f f e r e n t i a l  R-9 d i s t r i b u t i o n s  
o f  the  p a r t i c l e s  in a cascade .  The models shown a r e  fo r  the  fou r  
p o s i t i o n s  of  measurement of  cascade  SSS 51.  The r a d i a l  s c a l e  
co r responds  to  50 M- increments  ( annu la r  r i n g s )  ranging  from 0-600  p. 
( 0 -7 .4  x 10“3 r . l . )  w h i le  the a n g u la r  s c a l e  is  given in 2°  increments 
from 0-20° .  The r a d i a l  l i m i t  o f  the  measurements in th e  Brawley 
s t a c k  was 2 .1  x 10”3 r . l .  which co r responds  t o  I72 p in the SSS 
s t a c k .  I t  i s  q u i t e  obvious from the  i l l u s t r a t i o n s  t h a t  a l a rg e  
p e rc e n ta g e  of  th e  cascade  p a r t i c l e s  l i e  o u t s i d e  the range of  
measurements in the  Brawley s t a c k .  From the  i l l u s t r a t i o n  one can 
see  the  c o r r e l a t i o n  between R and 9 a t  d i f f e r e n t  d i s t a n c e s  t  from 
the  cascade  o r i g i n .
2. D iscuss ion  o f  Experimental  R esu l t s
The comparisons shown in p a r t  "a"  o f  F igs .  9“ 15 o f  the  e x p e r i ­
mental  r a d i a l  d i s t r i b u t i o n s  w i th  the  t h e o r e t i c a l  curves  o f  the 
co re  approx im at ion  and approx im ation  B i n d i c a t e  t h a t  the  e x p e r i ­
mental  r e s u l t s  a r e  c o n s i s t e n t  w i th  the  cascade  theo ry  under the  
co re  approx im at ion  in the  r a d i a l  and energy  range which were 
measured.  The measurements in the  Brawley s t a c k  extended up t o  
R = 2.1 x 10~3 r . l .  and covered an energy  range of  845-2000 BeV, 
w h i le  in the SSS s t a c k  th e  r a d i a l  measurements were made up to  
R = 7*4 x 10”3 r . l .  and the energy  range was I 78- 72O BeV. The 
a p p a re n t ,  smal l  bu t  s y s t e m a t i c ,  d e v i a t i o n  from the  co re  approxim ation  
appea rs  t o  be the r e s u l t  o f  having om i t ted  p a r t i c l e s  wi t h  ang les
8 0
Fig.  16. D i f f e r e n t i a l  R vs  0 d i s t r i b u t i o n  f o r  SSS c a s c a d e  51-
g r e a t e r  than  20° in  t h e  r a d i a l  d i s t r i b u t i o n .  T h i s  c o n c l u s i o n  i s  
j u s t i f i e d  by o b s e r v i n g  t h e  i n c r e a s e  in  t h e  t o t a l  number o f  p a r t i c l e s  
when t h e  c u t o f f  a n g l e  i s  i n c r e a s e d  from 10 t o  20°.
The e x p e r i m e n t a l  r e s u l t s  s e r v e  as  a lower l i m i t  t o  t h e  t o t a l  
number o f  p a r t i c l e s  in  a p p r o x i m a t io n  B. S in c e  t h e  c u rv e s  of  
a p p r o x i m a t io n  B in  t h e  r a d i a l  d i s t r i b u t i o n  c l e a r l y  demand a d e v i a t i o n  
o f  t h e  r e s u l t s  f rom t h e  c o r e  a p p r o x i m a t i o n  w e l l  w i t h i n  t h e  range  of  
m easu rem en ts ,  t h e  c o n c l u s i o n  must  be drawn t h a t  a p p r o x i m a t io n  B 
u n d e r e s t i m a t e s  t h e  t o t a l  number of  p a r t i c l e s  in  t h e  r a d i a l  i n t e r v a l  
which was measured .  T h i s  i s  b e c a u s e  t h e  o n ly  way one cou ld  g e t  
t h e  e x p e r i m e n t a l  r e s u l t s  t o  a g r e e  w i th  a p p r o x i m a t io n  B would be 
t o  s h i f t  t h e  c u r v e s  of  t h i s  a p p r o x i m a t i o n  in  t h e  v e r t i c a l  d i r e c t i o n  
u n t i l  t h e y  a g r e e  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  i . e . ,  t o  i n c r e a s e  
t h e  t o t a l  number o f  p a r t i c l e s  u n t i l  t h e  c u rv e s  of  a p p r o x i m a t io n  B 
a r e  in  agreem en t  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  and t h e  c o r e  a p p r o x i ­
m a t ion  in  t h e  r a d i a l  i n t e r v a l  which has been measured.
As shown in p a r t  r'b11 of  F ig s .  S~12 ,  t h e r e  i s  an a p p a r e n t  d i s c r e ­
pancy when t h e  a n g u l a r  d i s t r i b u t i o n s  o f  c a s c a d e  p a r t i c l e s  measured in 
t h e  Brawley s t a c k  a r e  p l o t t e d  as  a f u n c t i o n  of  Eo 0 and compared w i th  
t h e  c a s c a d e  t h e o r y  under  t h e  a n g u l a r  c o r e  a p p ro x i m a t io n .  I t  shou ld  
be no ted  h e r e  t h a t  t h e  v a l u e  o f  EQ was o b t a i n e d  from t h e  r a d i a l  
d i s t r i b u t i o n  as  d e s c r i b e d  in  t h e  p r e v i o u s  s e c t i o n  of  t h i s  c h a p t e r .  
T h i s  a p p a r e n t  d i s c r e p a n c y  c ou ld  c o n c e i v a b l y  s tem from two s o u rc e s .
The f i r s t  s o u r c e  cou ld  be an i n t e r n a l  i n c o n s i s t e n c y  in  t h e  p r e ­
d i c t i o n s  of  t h e  t h e o r e t i c a l  c u rv e s  w h i l e  t h e  second cou ld  be t h a t  
t h e  measurements  s u f f e r e d  from t h e  l i m i t e d  r a d i u s  (2 .1  x 10"2 r . l . )  
which was cove red  in  t h e  Brawley s t a c k .  From t h e  measurements  in
t h e  SSS s t a c k  where t h e  r a d i a l  range  was much l a r g e r  (7 .4  x 10“3 r . l .
i t  i s  c l e a r  t h a t  t h e  l a t t e r  s o u r c e  is  t h e  c o r r e c t  one.  P a r t  "b"
o f  F igs .  13“ 15 show t h a t  f o r  t h e  SSS s t a c k ,  the  r a d i a l  c u t o f f
R = 2 .1  x 10“3 r . l .  does  no t  a l l o w  th e  measurement  o f  a l l  c
p a r t i c l e s  even a t  1 -2° .  However, f o r  Rc = J . k  x 10“3 r . l . ,  
t h e r e  i s  c om ple te  ag re e m e n t  o f  t h e  e x p e r i m e n t a l  p o i n t s  up t o  ~  lf-5 0 
w i t h  t h e  c a s c a d e  t h e o r y  unde r  t h e  c o r e  a p p r o x i m a t i o n .  C o n s e q u e n t ly ,  
one must  c o n c lu d e  t h a t  no com par i son  is  p o s s i b l e  be tween  t h e o r y  
and e x p e r i m e n t  f o r  t h e  a n g u l a r  d i s t r i b u t i o n s . in t h e  Brawley s t a c k ,  
b e c au s e  t h e  l i m i t e d  r a d i a l  i n t e r v a l  which c o u ld  be measured  d i d  no t  
p e r m i t  t h e  measurement  o f  a l l  p a r t i c l e s  even  a t  v e r y  sm a l l  a n g l e s .
I t  can be s e en  q u a n t i t a t i v e l y  from t h e  i n t e g r a l  r a d i a l  and 
a n g u l a r  d i s t r i b u t i o n s  o f  t h e  SSS c a s c a d e s  p r e s e n t e d  in Tab le  !l 
t h a t  t h e r e  would no t  be any s i g n i f i c a n t  i n c r e a s e  in t h e  t o t a l  number 
o f  p a r t i c l e s  hav in g  a n g l e s  l e s s  t h a n  b-^>° i f  t h e  r a d i a l  e x t e n t  o f  
t h e  measurements  were c o n s i d e r a b l y  i n c r e a s e d .  Th i s  i s  a l s o  q u a l i ­
t a t i v e l y  shown f o r  SSS c a s c a d e  51 in t h e  i l l u s t r a t i o n  in  Fig. 16 
o f  t h e  d i f f e r e n t i a l  R vs 9 d i s t r i b u t i o n s .  T h e r e f o r e ,  in e x a c t  
a n a l o g y  t o  the  use  o f  t h e  r a d i a l  d i s t r i b u t i o n s ,  t h e  p r im a ry  e n e rg y  
o f  t h e  SSS c a s c a d e s  can be d e t e r m i n e d  by c o n s i d e r i n g  o n l y  the  
e x p e r i m e n t a l  p o i n t s  f o r  t h e  a n g l e s  where a l l  p a r t i c l e s  have been 
m easu red ,  and making d i r e c t  c om pa r i son  w i t h  t h e  t h e o r e t i c a l  c u rv e s  
o b t a i n e d  under  t h e  a n g u l a r  c o r e  a p p r o x i m a t io n  t h a t  a r e  g iven  in 
Appendix I I I .  The r e s u l t s  o f  t h e  e n e r g i e s  so o b t a i n e d  a r e  g iven  
in column 3 o f  T a b le  I I I .  One can s e e  t h a t  t h e r e  i s  v e r y  good
agreement  between t h e  e n e rg y  e s t i m a t e s  o b t a i n e d  from t h e  r a d i a l  
and a n g u l a r  d i s t r i b u t i o n s .
Two im p o r t a n t  c o n c l u s i o n s  can be drawn from t h e  ag reement  of  
t h e  ene rgy  d e t e r m i n a t i o n  from t h e  r a d i a l  and t h e  a n g u l a r  d i s t r i ­
b u t i o n s  of  t h e  c a s c a d e  p a r t i c l e s .  F i r s t ,  t h e  agreement  shows t h e  
i n t e r n a l  c o n s i s t a n c y  of  t h e  c a s c a d e  t h e o r y  as  d e r i v e d  unde r  t h e  
c o re  a p p ro x i m a t io n .  Second,  t h e  agreement  shows t h a t  t h e  w ave leng th  
in  t h e  heavy SSS, s t a c k  (See Chap. I) i s  s u f f i c i e n t l y  sm a l l  so t h a t  
t h e  a r r a n g e m e n t  can be c o n s i d e r e d  t o  be a homogeneous m i x t u r e  of  
l ead  and e m u ls ion  as  f a r  as  t h e  d e t e r m i n a t i o n  of  t h e  e f f e c t i v e  
r a d i a t i o n  l e n g t h  f o r  t h e  r a d i a l  d i s t r i b u t i o n  i s  concerned .
The d e v i a t i o n  o f  t h e  e x p e r i m e n t a l  a n g u l a r  d i s t r i b u t i o n  from 
t h e  c o r e  a p p r o x i m a t i o n  f o r  a n g l e s  g r e a t e r  th a n  ~  4 - 5 °  in  t h e  SSS 
s t a c k  can c e r t a i n l y  be e x p l a i n e d  to  some e x t e n t  by th e  f a c t  t h a t  
t h e  r a d i a l  l i m i t a t i o n  o f  ~J.k x 10“2 r . l .  was no t  l a r g e  enough to  
i n c l u d e  a l l  p a r t i c l e s  hav ing  a n g l e s  g r e a t e r  than  5°» T h i s  a p p e a r s  
t o  be t h e  main reason  f o r  t h e  a p p a r e n t  d e v i a t i o n .  However,  one 
c a n n o t  e x c lu d e  t h e  p o s s i b i l i t y ,  e s p e c i a l l y  f o r  l a r g e  a n g l e s ,  t h a t  
p a r t  o f  t h i s  d e v i a t i o n  may t r u l y  be a d e v i a t i o n  from t h e  c o re  
a p p ro x i m a t io n .
The q u e s t i o n  remains  how t o  e x te nd  t h e  measurements  a n d / o r  
t h e  t h e o r y  in  o r d e r  t o  make f u l l  use  o f  a l l  t h e  a v a i l a b l e  e x p e r i ­
m en ta l  m a t e r i a l .  One a p p ro a c h  would c o n s i s t  of  t r y i n g  t o  d e r i v e  
a mixed r a d i a l - a n g u l a r  d i s t r i b u t i o n  from t h e  t h e o r y  f o r  comparison  
w i th  t h e  e x p e r i m e n t a l  d a t a .  For  example,  one might  t r y  t o  f o l d  
t h e  mixed r a d i a l - a n g u l a r  d i s t r i b u t i o n  f o r  m o n o - e n e r g e t i c  p a r t i c l e s
g iv en  by R o s s i 3^ w i t h  t h e  e n e r g y  sp e c t ru m  g iv e n  by P inkau39 f o r  
t h e  p a r t i c l e s  in a c a s c a d e ,  in  o r d e r  t o  o b t a i n  t h e  d e n s i t y  d i s t r i -  
b u t i o n  o f  p a r t i c l e s  hav ing  z e r o  a n g l e .  Such a d i s t r i b u t i o n  would 
be one o f  r a d i u s  on ly  and would a c t u a l l y  be v e r y  s i m i l a r  t o  
t h e  i n t e g r a l  r a d i a l  d i s t r i b u t i o n  i n t e g r a t e d  o v e r  a l l  a n g l e s ,  w i t h  
t h e  im p o r t a n t  d i f f e r e n c e  b e i n g  in t h e  n o r m a l i z a t i o n  f a c t o r .  Th is  
d i s t r i b u t i o n  i s  c o m p l e t e l y  known from the  measurements  which have 
been p r e s e n t e d ,  b e c a u s e  one can s e e  from T a b le s  I and I I t h a t  
p r a c t i c a l l y  no a d d i t i o n a l  p a r t i c l e s  a t  z e r o  a n g l e  a r e  e x p e c t e d  
t o  be found even beyond t h e  l i m i t e d  r a d i a l  i n t e r v a l  in  t h e  Brawley 
s t a c k .
33B. R o s s i ,  High Energy P a r t i c l e s  ( P r e n t i c e - H a l l ,  I n c . ,  
Englewood C l i f f s ,  N . J . ,  1952) p. ^9«
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V. SUMMARY AND CONCLUSIONS
The l a t e r a l  and a n g u l a r  d i s t r i b u t i o n s  o f  s i x  e l e c t r o m a g n e t i c  
c a s c a d e s  in t h e  e n e rg y  range  845 -  2000 BeV have been measured 
in t h e  Brawley pu re  e m u ls ion  s t a c k .  The measurements  c ove re d  a l l  
p a r t i c l e s  hav ing  a n g l e s  l e s s  t h a n  20°  up t o  t h e  r a d i a l  d i s t a n c e  o f  
R = 2 .1  x 10 2 r . l .  f rom th e  c a s c a d e  a x i s .  Four such  c a s c a d e s  in 
t h e  e n e rg y  range  I 78 -  720 BeV were measured  in t h e  SSS l e a d - e m u l s i o n  
sandwich s t a c k .  The l a t t e r  measurem ents  c o v e re d  a l l  p a r t i c l e s  
hav in g  a n g l e s  l e s s  t h a n  20° up t o  t h e  r a d i a l  d i s t a n c e  o f  R =
7 - 4  x 10"2 r .  1.
From t h e  t e n  c a s c a d e s  which have been i n v e s t i g a t e d  i t  i s  
c o nc lude d  t h a t  :
1. There  i s  no c l e a r  d e v i a t i o n  of  t h e  e x p e r i m e n t a l  r e s u l t s  
from th e  c a s c a d e  t h e o r y  unde r  t h e  r a d i a l  c o r e  a p p r o x i ­
m at ion  w i t h i n  t h e  range  o f  d i s t a n c e s  and e n e r g i e s  measured .
2. A pprox im a t ion  B u n d e r e s t i m a t e s  t h e  t o t a l  number o f  c a s c a d e  
p a r t i c l e s  in t h e  r a d i a l  r e g i o n  beyond i t s  i n t e r s e c t i o n  
w i t h  t h e  c o r e  a p p r o x i m a t io n  and up t o  t h e  maximum r a d i a l  
d i s t a n c e s  which were measured .
3 . The e n e rg y  d e t e r m i n a t i o n  u s i n g  o n l y  s m a l l  a n g l e s  from t h e  
a n g u l a r  d i s t r i b u t i o n  o f  t h e  c a s c a d e  p a r t i c l e s  in t h e  SSS 
s t a c k  i s  in c om p le te  ag reem en t  w i t h  t h e  e n e rg y  d e t e r m i n a ­
t i o n  from t h e  r a d i a l  d i s t r i b u t i o n .  T h e r e f o r e ,  t h e  c a s c a d e
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t h e o r y  is  i n t e r n a l l y  c o n s t s t a n t  under  t h e  c o r e  a p p r o x i ­
m a t io n .  A l so ,  t h e  w a v e l e n g t h  o f  t h e  SSS s t a c k  i s  s m a l l  
enough s o  t h a t  t h e  r e s u l t s  can  be i n t e r p r e t e d  a s  b e in g  
d e r i v e d  from a homogeneous medium.
4.  The r a d i a l  r ange  must  e x t e n d  up t o  ~  7 x 10"s r . l .  in 
th e  SSS s t a c k  in o r d e r  t o  i n c l u d e  a l l  p a r t i c l e s  up t o  
4 - 5 °  in t h e  a n g u l a r  d i s t r i b u t i o n .  T h e r e f o r e ,  compar ison  
be tween  t h e o r y  and e x p e r i m e n t  f o r  t h e  a n g u l a r  d i s t r i b u t i o n s  
in t h e  Brawley pu re  em u l s io n  s t a c k  was n o t  p o s s i b l e .
5 .  The l a r g e  a p p a r e n t  d e v i a t i o n  o f  e x p e r i m e n t a l  r e s u l t s  
from t h e  a n g u l a r  c o r e  a p p r o x i m a t i o n  f o r  a n g l e s  g r e a t e r  
than  ~  5 0 i n t h e  SSS s t a c k  i s  m a in ly  c a u se d  by t h e  
l i m i t e d  r a d i a l  d i s t a n c e  u s e d .  However, p a r t  o f  t h i s  
d e v i a t i o n  may t r u l y  be a d e v i a t i o n  from t h e  p r e d i c t i o n s  
o f  t h e  c o r e  a p p r o x i m a t i o n .
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APPENDIX I
D e t a i l s  o f  E x p e r im e n t a l  Measurements  and C a l c u l a t i o n s
The f i e l d  o f  view o f  t h e  s q u a r e  "box"  g r a t i c u l e  w i t h  100 s c a l e  
d i v i s i o n s  p e r  s i d e  used  f o r  making t h e  c a s c a d e  measurements  cove red  
a s q u a r e  a r e a  o f  t h e  em u l s io n  p l a t e  hav in g  a p p r o x i m a t e l y  85 P p e r  
s i d e  unde r  t h e  m a g n i f i c a t i o n  used (10X e y e p i e c e s  w i t h  55X o b j e c t i v e ) .  
Th is  s c a l e  c a l i b r a t i o n  v a r i e d  s l i g h t l y  w i t h  t h e  eye s p a c i n g  o f  the  
p e r s o n  r e a d i n g  the  m ic r o s c o p e .  S ince  i t  was d e s i r e d  t o  make m easu re ­
ments t o  a b o u t  600 p. on e i t h e r  s i d e  o f  t h e  c a s c a d e  a x i s ,  t h e  a p p a r e n t  
c o r e  was l o c a t e d  in  t h e  c e n t e r  o f  one f i e l d  o f  v iew and measurements  
were made in t h i s  f i e l d  o f  view and in 7 f i e l d s  o f  view on e i t h e r  
s i de .  See Fig .  17«
The h o r i z o n t a l  c e n t e r l i n e  o f  t h e  "box"  g r a t i c u l e  was t a k e n  t o  
be t h e  p r e c i s e  p o s i t i o n  o f  t h e  c u t  f o r  a p a r t i c u l a r  r a d i a t i o n  l e n g t h .  
Each minimum t r a c k  which c r o s s e d  t h i s  c e n t e r l i n e  was t r a c e d  to  t h e  
two p o i n t s  where i t  i n t e r s e c t e d  th e  s i d e s  o f  t h e  g r a t i c u l e .  See 
Fig. 18. T ra cks  hav ing  t w i c e  t h e  g r a i n  d e n s i t y  o f  minimum t r a c k s  
were r e c o r d e d  a s  two t r a c k s  w i t h  t h e  same c o o r d i n a t e s .
The c o o r d i n a t e s  ( x i ,  y i ) a n d (x g ,  Vfe) where each  e l e c t r o n  t r a c k  
i n t e r s e c t e d  t h e  two s i d e s  o f  t h e  g r a t i c u l e  were o b t a i n e d  by r e c o r d i n g  
t h e  s i d e s  and c o r r e s p o n d i n g  s c a l e  r e a d i n g s  o f  t h e  s i d e s  o f  the  
g r a t i c u l e  a t  t h e  p o i n t s  o f  i n t e r s e c t i o n .  The c o r r e s p o n d i n g  z
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Fig .  17- Schem at ic  d iag ram  showing t h e  c a s c a d e  as  i t  a p p e a r s  
in em u ls ion  a t  t h r e e  p o s i t i o n s  of  measurement .  The numbers - 7 ,  * " ’ i 
0 , * ' * , + 7  i d e n t i f y  t h e  v a r i o u s  f i e l d s  of  v iew in which t h e  m ea su re ­
ments  were made. The s p a t i a l  c o o r d i n a t e s  R and 0 as  w e l l  a s  t h e  p r o ­
j e c t e d  c o o r d i n a t e s  y ,  z ,  0y and 0Z a r e  shown f o r  a sample t r a c k .  
(Diagram i s  not  t o  s c a l e , )
c o o r d i n a t e s ,  z i  and Zs,  were o b t a i n e d  from t h e  v e r n i e r  s c a l e  o f  t h e  
m ic r o s c o p e  which gave th e  d e p th  o f  t h e  f i e l d  in  t h e  e m u l s io n ,  t o  
an a c c u r a c y  o f  1 p ,  when t h e  t r a c k  was in b e s t  f o c u s  a t  t h e  s i d e s  
o f  t h e  g r a t i c u l e .
i t  was d e s i r e d  t o  have t h e  y and z c o o r d i n a t e s  o f  e a ch  t r a c k  
a t  t h e  c e n t e r l i n e  o f  t h e  g r a t i c u l e  which r e p r e s e n t e d  t h e  p o s i t i o n  
o f  t h e  c u t  a l o n g  t h e  x a x i s .  From Fig.  18,  i t  i s  s e e n  t h a t  t h e s e  
c o o r d i n a t e s  a r e  g iv e n  by
yc u t  = Yl + t a n  V 5 ° " '
SC
z . = z i  + —  t a n  0 (50 -  x i )  . c u t  A SF z ' ^
The r e l a t i v e  p r o j e c t e d  a n g l e s ,  9^ and o f  ea ch  e l e c t r o n  
t r a c k  were o b t a i n e d  from t h e  c o o r d i n a t e s  a t  t h e  i n t e r s e c t i o n  o f  t h e  
t r a c k  w i t h  t h e  s i d e s  o f  t h e  g r a t i c u l e  a c c o r d i n g  t o  t h e  fo rm u la s
t a n  9 = iYpl- - • ■Yl' ,y xs -  Xi
t a n  0 = • | |  .z  xs -  x i  SC
The v a l u e  o f  SC i s  t h e  s c a l e  c a l i b r a t i o n  o f  t h e  g r a t i c u l e  in 
m ic rons  p e r  s c a l e  d i v i s i o n  and SF i s  t h e  s h r i n k a g e  f a c t o r  o f  the  
e m u l s io n  p l a t e .  The s h r i n k a g e  f a c t o r  i s  d e f i n e d  t o  be t h e  r a t i o  
o f  t h e  t h i c k n e s s  o f  t h e  e m u l s io n  b e f o r e  p r o c e s s i n g  ( t h i c k n e s s  a t  
t h e  t ime o f  e x p o s u r e  t o  t h e  c a s c a d e )  t o  t h e  t h i c k n e s s  a f t e r  
p r o c e s s i n g  ( t h i c k n e s s  a t  t h e  t ime  of  m ea su rem e n t ) .
Fig .  18a. Schem at ic  d iag ram  of  t h e  box g r a t i c u l e  in  t h e  f i e l d  
o f  v iew  of  t h e  K o r i s t k a  Kk m ic ro sc o p e .  Images a r e  i n v e r t e d  in  t h e  
v e r t i c a l  d i r e c t i o n  so t h e  K o r i s t k a  c o o r d i n a t e  sys tem  ( x ^ . y ^ . z ^ )  i s  









Fig .  18b. Sc he m a t ic  d iag ra m  showing a sample t r a c k  i n t e r s e c t ­
ing  t h e  box g r a t i c u l e  in  two d i f f e r e n t  f o c a l  p l a n e s  t o  g i v e  t h e  
c o o r d i n a t e s  ( x j . y ^ . Z j )  and The h o r i z o n t a l  c e n t e r l i n e
of  t h e  g r a t i c u l e  was t a k e n  t o  be t h e  p o s i t i o n  of  c a s c a d e  m ea su re ­
ment.
I t  s h o u ld  be no ted  t h a t  t h e  x and y c o o r d i n a t e s  where t h e  t r a c k s  
i n t e r s e c t e d  th e  s i d e s  o f  t h e  g r a t i c u l e  were r e c o r d e d  in " s c a l e  
d i v i s i o n s "  w h i l e  t h e  z c o o r d i n a t e s  were  r e c o r d e d  in m ic r o n s .
B e s id e s  t h e  c o o r d i n a t e s  ( x i ,  y i ,  Z i )  andfce> yb > z s ) ,  t h e  
p a r t i c u l a r  f i e l d  o f  view in which  t h e  t r a c k  was l o c a t e d  and t h e  
e x a c t  s c a l e  c a l i b r a t i o n  o f  t h e  g r a t i c u l e  were r e c o r d e d  f o r  e a ch  t r a c k .  
The f i e l d  o f  view in which th e  a p p a r e n t  c o r e  o f  t h e  c a s c a d e  was 
l o c a t e d  was l a b e l e d  a s  z e r o .  The r e m a in in g  f i e l d s  o f  view were 
l a b e l e d  a s  - 1 t h r o u g h  - J  in go ing  away from t h e  z e r o  f i e l d  o f  view 
in t h e  n e g a t i v e  y d i r e c t i o n  and +1 t h ro u g h  +7 in t h e  p o s i t i v e  y 
d i r e c t i o n .  See Fig.  I 7 .
The c o o r d i n a t e s  y _ and z . . g i v e  t h e  p o s i t i o n  o f  a t r a c k  in 7c u t  c u t
t h e  f i e l d  o f  view in which i t  was m easu red .  I t  i s  n e c e s s a r y  t o  
a c c o u n t  f o r  t h e  l o c a t i o n  o f  t h i s  f i e l d  o f  view w i t h  r e s p e c t  t o  t h e  
c a s c a d e  c o r e  t o  g e t  a b s o l u t e  y c o o r d i n a t e s .  T h i s  can  be done by 
s e t t i  ng
y = y . + 100 F .7 7c u t
The symbol F i s  one o f  t h e  r e c o r d e d  numbers ,  - J t . . - 1 ,  0,
+ 1, . . +7, which  r e p r e s e n t  t h e  f i e l d  of  v iew  in which t h e  t r a c k
was l o c a t e d .  The v a l u e  o f  z i s  no t  d e p e n d en t  on t h e  f i e l d  o f  view 
and i s  s im p l y  g i v e n  by
z = z . .c u t
I t  i s  u l t i m a t e l y  d e s i r e d  t o  know t h e  s p a t i a l  and a n g u l a r  
c o o r d i n a t e s  o f  e a ch  e l e c t r o n  t r a c k  r e l a t i v e  t o  t h e  c a s c a d e  a x i s  in
t h e  t a r g e t  p l a n e .  Th is  i s  t h e  p l a n e  p e r p e n d i c u l a r  t o  t h e  c a s c a d e  
a x i s  a t  t h e  p o s i t i o n  o f  measurement .  The c a s c a d e  a x i s  i s  d e f i n e d  
t o  be t h e  d i r e c t i o n  o f  m otion  o f  t h e  p a r t i c l e  ( y - r a y )  i n i t i a t i n g  
t h e  c a s c a d e .  I f  t h e  r a d i a l  and a n g u l a r  d i s t r i b u t i o n s  a r e  t o  be 
s i g n i f i c a n t ,  e s p e c i a l l y  f o r  s m a l l  v a l u e s  o f  t h e s e  c o o r d i n a t e s ,  
t h e  c a s c a d e  a x i s  must  be l o c a t e d  as  a c c u r a t e l y  a s  p o s s i b l e .
The p r o c e d u r e  u s u a l l y  employed in d e t e r m i n i n g  t h e  c a s c a d e  a x i s  
i s  t o  a v e r a g e  ov e r  t h e  c o o r d i n a t e s  o f  t h e  p a r t i c l e s  in  t h e  c a s c a d e  
and c hoose  t h e  a x i s  t o  be t h e  p o s i t i o n  where t h e  a v e r a g e  v a l u e s  o f  
t h e s e  c o o r d i n a t e s  a r e  z e r o ,  i . e . ,  y = 0 , z = 0 , 0^ = 0 , and 0^ = 0 . 
Th i s  p r o c e d u r e  assumes  a z i m u t h a l  symmetry o f  t h e  c a s c a d e .
For t h e  above  p r o c e d u r e  t o  g i v e  t h e  b e s t  o r i e n t a t i o n  o f  the  
c a s c a d e  a x i s ,  i t  i s  i m p o r t a n t  t o  use  a l a r g e  number o f  t r a c k s  so  
t h a t  t h e  e f f e c t  o f  i n d i v i d u a l  t r a c k  f l u c t u a t i o n s  i s  made as  sm a l l  
a s  p o s s i b l e .  I t  i s  obv io u s  t h a t  t h i s  method i s  e a s i l y  b i a s e d  by 
t h e  p r e s e n c e  o f  a few t r a c k s  making l a r g e  a n g l e s  w i t h  t h e  g e n e r a l  
d i r e c t i o n  of  t h e  c a s c a d e  or  b e in g  f a r  removed from i t s  a p p a r e n t  
c o r e .  A l so ,  s i n c e  t h e  c a s c a d e  i s  supe r im posed  on t h e  r a t h e r  un i fo rm  
background  t r a c k s  in t h e  e m u l s io n ,  i t  i s  a d v i s a b l e  t o  use o n ly  t h a t  
p a r t  o f  t h e  c a s c a d e  where t h e  r a t i o  o f  n o i s e  t o  s i g n a l  i s  e x t r e m e l y  
low.
The r e s u l t s  o f  p r e l i m i n a r y  i n v e s t i g a t i o n s  a lo n g  th e  above 
l i n e s  i n d i c a t e d  t h a t  t h e r e  is  on ly  a s m a l l  c o n t r i b u t i o n  o f  c a s c a d e  
t r a c k s  ha v in g  a n g l e s  g r e a t e r  than  5 °  f o r  d i s t a n c e s  l e s s  than  a b o u t  
250 P from th e  c a s c a d e  a x i s .  C a l c u l a t i o n s  on th e  background  which 
was measured f a r  f rom th e  c a s c a d e  (~ 1 cm.)  i n d i c a t e  t h a t  t h e  number
o f  background  t r a c k s  ha v in g  a n g l e s  l e s s  than  5 °  w i t h  a chosen  a x i s  
and l o c a t e d  w i t h i n  250 H o f  t h a t  a x i s  i s  ~  1 -  3$  o f  t h e  number o f  
t h e  c a s c a d e  t r a c k s .
C o n s i d e r a t i o n  o f  t h e  above  r e s u l t s  l e d  t o  t h e  c h o i c e  o f  t r a c k s  
used  in  f i n d i n g  t h e  c a s c a d e  a x i s  which s a t i s f i e d  t h e  f o l l o w i n g  
c r i t e r i a :
I©y l *  5° ,  | y |  *  250 . n  ,
| e z  -  6 | *  50^ | z | ̂  2 5 0  n .
The v a l u e  o f  6 was t a k e n  t o  be t h e  v a l u e  o f  t h e  d i p  a n g l e  o f  t h e
c a s c a d e  a s  measured  on t h e  m ic r o s c o p e .
To f u r t h e r  f a c i l i t a t e  o b t a i n i n g  t h e  most  a c c u r a t e  v a l u e  o f  t h e  
c a s c a d e  a x i s ,  an i t e r a t i v e  t e c h n i q u e  t o  o b t a i n  t h e  a v e r a g e  v a l u e s  o f  
t h e  c o o r d i n a t e s  by s u c c e s s i v e  a p p r o x i m a t i o n s  was u s e d .  The f i r s t  
a p p r o x i m a t i o n  was a s im p le  a v e r a g e  o v e r  t h e  n p a r t i c l e s  s a t i s f y i n g  
t h e  c r i t e r i a  g iv en  above .  For example,  t h e  f i r s t  a p p r o x i m a t i o n  yx 
t o  t h e  a v e r a g e  v a l u e  o f  t h e  c o o r d i n a t e  y was o b t a i n e d  by a v e r a g i n g  
o v e r  t h e  n v a l u e s  o f  t h e  y c o o r d i n a t e s  f o r  t h e  s e l e c t e d  t r a c k s ,  i . e . ,
1 "
yi  = “  S  y .  .
n J = 1 J
The second  a p p r o x i m a t i o n  ys  t o  t h e  v a l u e  o f  y was o b t a i n e d  by 
a v e r a g i n g  ov e r  75$ o f  t h e  t r a c k s  c l o s e s t  t o  y i .  L e t t i n g  n 1 r e p r e s e n t  
t h e  number o f  t r a c k s  ha v in g  y c o o r d i n a t e s  c l o s e s t  t o  y i ,  t h e n
In g e n e r a l ,  f o r  t h e  n '  t r a c k s  ha v in g  a y c o o r d i n a t e  c l o s e s t  t o  a 
p r e v i o u s  mean y . ,  then
V l  = n '  •
The i t e r a t i o n  was s to p p e d  when
■ | y , +1 -  y , l  <  .
where Gy = 0 . 5  P- I f  t h i s  v a l u e  o f  was n o t  r e a c h e d  w i t h i n  t e n
i t e r a t i o n s ,  t h e  v a l u e  o f  t h e  mean a f t e r  t h a t  number o f  i t e r a t i o n s  
was used  a s  t h e  v a l u e  o f  y.
E x a c t l y  a n a lo g o u s  i t e r a t i o n s  were used  t o  o b t a i n  t h e  means o f  
t h e  o t h e r  p r o j e c t e d  c o o r d i n a t e s ,  z ,  9 , and The v a l u e  used  f o r
e was a l s o  0 . 5  P w h i l e  eQ and eQ were t a k e n  t o  be 0 .001  rad .z 9 0
y z
To g e t  the  c o o r d i n a t e s  o f  t h e  c a s c a d e  p a r t i c l e s  in t h e  t a r g e t  
p l a n e ,  i t  was n e c e s s a r y  t o  t r a n s f o r m  from th e  (x,  y,  z )  c o o r d i n a t e  
sys tem  in which th e  measurem ents  were made t o  t h e  (x*, y* , z*) 
sys tem  h a v in g  t h e  x*  a x i s  c o i n c i d e n t  w i t h  t h e  c a s c a d e  a x i s .  I f  
t h e  c a s c a d e  i s  assumed t o  be symm etr ic  a b o u t  i t s  a x i s ,  t h i s  t r a n s ­
f o r m a t i o n  can  be pe r fo rm e d  by t r a n s l a t i o n  o f  t h e  y and z c o o r d i n a t e s  
s o  t h a t  y = z = 0 f o l l o w e d  by two s u c c e s s i v e  r o t a t i o n s .
The t r a n s l a t i o n s  were  pe r fo rm e d  by s u b t r a c t i n g  y and z ,  
r e s p e c t i v e l y ,  f rom t h e  y and z c o o r d i n a t e s  which were d e s c r i b e d  
e a r l i e r .  A f t e r  t h i s  t r a n s l a t i o n  one can c a l c u l a t e  t h e  c o o r d i n a t e s  
o f  e a c h  t r a c k  r e l a t i v e  t o  a new ( x ‘ , y 1, z 1) sys tem  which has  the
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( x 1, z ' )  p l a n e  making an  a n g l e  0y w i t h  t h e  o l d  (x,  z )  p l a n e .  The 
new c o o r d i n a t e s  a r e  g i v e n  by t h e  f o l l o w i n g  f o rm u la s :  (See F ig .  19 . )
e ' = e -  0 .
y y y *
tan  0 • cos  0
0 ' = t a n _1C-------- - — r - ; --------------,z cos  0 *
y
cos  0 
y ' °  V c 5 s 8y '~ -
y
z ' = z - y '  • s i n 0y >  t a n  ©z .
I f  one now d e s i g n a t e s  a s  (x " , y " , z " )  t h e  c o o r d i n a t e  sy stem  
which has t h e  (x“ , y " )  p l a n e  making an a n g l e  w i t h  t h e  ( x 1, y 1) 
p l a n e ,  t h e n  th e  c o o r d i n a t e s  f o r  e a c h  t r a c k  in t h i s  new sys tem a r e  
g iv e n  by
0 "  =  0 '  -  0 .  
z z z 7
t a n  0 1 • cos  0 1 
ev "  ‘  t a n ‘ 1  [  I z s  e "  2 J >
Z
c os  0 1
z "  = z '
C O S  0 "  *z
y i i  _  y i  .  z "  s i n  0 - t a n  0 1 .
7 7  z y
Plano II to  x ' - z '  P la n e
lane II t o  x -z  P lane





R e l a t i o n s ; R e s u l t i n g  E q u a t io n s :
0y -  0y ~ 0y
tan  ©z = r
cos 0y = —
3y
o'  c  C O S  0v =
s i n ( - |  - 0y) sin(-^ + 0y)
s i n  0V
0y — 0y “ 0y
tan  6 = 4  = = tan  07c o s 0.. = ^d b d z y a
m s _ s d tan  07cos0„tan  a7 = — = —x -  = -----------  Y
0z = t a n " l t a n 07cos0v
C O S 0 y
jxrd c C O S  0y
C O S  0y 
^  C O S  0w
z 1 = z - y ' s i n 0y t a n 0z 
Fig.  19. Schematic diagram showing th e  r e l a t i o n s  among th e  co ­
o r d i n a t e s  o f  a t r a c k  as  c a l c u l a t e d  r e l a t i v e  t o  t h e  ( x , y , z )  system in 
which measurements were made and th e  (xly ' , z)  system which i s  r o t a t e d  
about  the  z a x i s  of  th e  ( x , y , z )  system by the  an g le  0y. , Exac t ly  a n a l ­
ogous r e l a t i o n s  a r e  v a l i d  f o r  the  r o t a t i o n  about  th e  y a x i s  by 0Z.
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Allowing t h a t  the  r o t a t i o n s  may have d i s p l a c e d  the  c e n t r o i d  
o f  the  t r a c k s  in the  t a r g e t  p la n e ,  the  c o o r d in a t e s  in the  (x*, y*, z* )  
system having th e  x* a x i s  c o i n c i d e n t  w i th  the  cascade  a x i s  a r e  
given by:
The space  an g le  0* which a p a r t i c l e  makes w i th  the cascade  
a x i s  and R* i t s  l a t e r a l  d i sp lacem en t  from t h a t  a x i s  in the  t a r g e t  
p lane  were o b ta in ed  from the  p r o j e c t e d  c o o r d in a t e s  acco rd ing  to  
the  fo l low ing  formulas :  (See Fig.  8 . )
APPENDIX II 
Angular  D i s t r i b u t i o n  of  Cascade 
E le c t ro n s  Within  Approximation B
The normal ized  ( t o  u n i t y )  number o f  ca scade  e l e c t r o n s  having 
ang le  l e s s  than 0 w i th  r e s p e c t  to  the  cascade  a x i s  is  given by
0
N (C0) = f p (Eo , 0 , e , t )  2rt0d0 , ( A . I I . l )0 " Jii
0
where P (E o ,O ,0 , t )  is  the  normal ized  s t r u c t u r e  f u n c t i o n  f o r  the
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a n g u l a r  d i s t r i b u t i o n  of  e l e c t r o n s  in the  t h r e e - d im e n s i o n a l  cascade
40th e o ry  of  Kamata and Nishimura.  This  d i s t r i b u t i o n  which is v a l i d  
fo r  Eo >> e can be o b ta in e d  by l e t t i n g  r “* 0 in t h e i r  eq u a t io n  
(3*5*0 ar,d is given by
P ^  (Eo , O , 0 , t )  = [ 2 ^ i  T  (s)M1 ( 0 , - s , s , t ) ] - 1
I 00
J dp (I-)2 (f"J—) P 1 r(p+l) r(s+2p) Mx (p,-s-2p,s, t) . (A. 11.2)
00
VE '  E s s
40 K. Kamata and J .  Nishimura,  Suppl.  Progr.  Theore t .  Phys. 
(Kyoto) 6, 93 (1958).
1 0 0
1 0 1
In approx im at ion  B, the  shower age paramete r  s is de f in e d  by
In E0 / e  -  7  + ^ '  ( s ) t  = 0 . (A- I I . 3)
5 X
The i n t e g r a t i o n  over  0 can be performed f o r  n e g a t iv e  v a lues  
o f  p t o  obta i n
N (<e) -  [*i r(s) MxW.-s.s.t)]-1 +j  d p # ) _2p(r5r)
-  j c o
r(p+l) r(s+2p) Mi (p,-s-2p,s,t) . (A .11.4)
Using the  sa d d le  p o i n t  method of  s o l u t i o n ,  the  i n t e g r a l  over  
p g ives
n (<9)= ( f V gP ( - j )  <a . m . 5 )
where p is the  v a lu e  of  p a t  the s a d d le  p o i n t  ( i . e . ,  the  va lue  o f  
p which maximizes the  loga r i thm  o f  the  in t e g ra n d  in E q . ( A . 11.4) and 
is  d e f in e d  by
- 2 l n - | ^ - 7  + t  (p+1) + 2'if (s+2p) = 0  . (A. I 1. 6 )
s p
The e x p r e s s io n  u" (p) i s  the  second o rd e r  d e r i v a t i v e  w i th  r e s p e c t  
t o  p o f  the loga r i thm  o f  the in teg ran d  in E q . ( A . 11.4) and is  given 
by
u"(p )  = —  + ty1 (p+1) + k \|r‘ (s+2p) 
P2
(A.I 1. 7)
The fu n c t i o n s  and ty' a r e  r e s p e c t i v e l y  the  f i r s t  and second o rde r
lo g a r i t h m ic  d e r i v a t i v e s  o f  th e  gamma f u n c t i o n  and a r e  t a b u l a t e d  
41in the  l i t e r a t u r e .
For p r a c t i c a l  a p p l i c a t i o n ,  i t  i s  s u f f i c i e n t  to  w r i t e  the  
a n g u la r  M ell in  fu n c t i o n  as
M i ( p , q , s , t )  = mx ( p , q , s ) e Xl , (A. I I . 9)
s in c e  M i ( p , q , s , t )  i s  a l i n e a r  f u n c t i o n  of  e^ i  ( s + l ) t^
A i ( s ) t  K ( s + l ) t
•  •  • . and s in c e
e M s ) t  »  ( s ) t ^  e M s ) t  »  eM s + l ) t  _ (A. 1 1 .10)
T h e re fo re ,  the  r e c u r r e n c e  r e l a t i o n  f o r  the  a n g u la r  M ell in  fu n c t i o n  
given by e q u a t io n  (3*33) of  Ref. 40 can be exp res sed  as
[ ^ i  (s) + {A(s+2p+q) + Oo} (s)  + A(s+2p+q) o0 -  B(s+2p+q)
c (s+2p+ q) ] mx ( p , q , s )  = (A-i(s)+o0 )
{p m i ( p - l , q , s )  + (s+2p+q)q m i ( p , q - l , s ) }  , (A. 11.11)
42w i th  the boundary c o n d i t i o n  fo r  an e l e c t r o n  p a i r  pr im ary  being
B(s) ^ ( s )
mi ( 0 , 0 , s)  = ----------------  • ( A . I I . 12)Un
^ Handbook of Mathemati ca 1 Functions ,  edi ted by M. Abramowitz 
and I. A. Stegun (Dover P u b l i c a t i o n s ,  I n c . ,  New York, N.Y., 1965) p.
^ J .  M. Kidd, Nuovo Cimento 2J ,  57 (1963).
The t a b u l a t e d  v a l u e s ^  of  A (s ) ,  B (s ) ,  C (s ) ,  H i ( s ) ,  and X i ( s )  
can be used w i th  t h i s  boundary c o n d i t i o n  to  so lv e  the  r e c u r r e n c e  
r e l a t i o n  fo r  m i ( p , q , s )  f o r  any p o s i t i v e  va lue  of  p and q.  However, 
mi (p>q>s ) i s  needed f o r  n e g a t iv e  v a lues  of  p s i n c e  the  va lues  of  
0 in Eq - (A- 11-5) range from 0 t o  00 as p goes from -  |  t o  0. Using 
the  f a c t  t h a t  m i ( p , 0 , s )  has a p o le  a t  p = -  ^  -  1 (see Ref. 4 0 ) ,  i t  
i s  p o s s i b l e  t o  o b t a i n  m i ( p , 0 , s )  f o r  n e g a t iv e  v a lues  of  p by making 
an e x t r a p o l a t i o n  to  t h i s  p o le .  A c o n s i s t e n c y  check on t h i s  e x t r a p ­
o l a t i o n  can be made by us ing  the  r e c u r r e n c e  r e l a t i o n  f o r  m i ( p , q , s )  
f o r  v a lu e s  o f  q ^ 0- In t h i s  manner, i t  is  p o s s i b l e  t o  f ind  
m i ( p , q , s )  f o r  the  needed v a lu e s  of  p and q i . e . ,  m i (p ,q  = - s - 2 p , s )
g
can be found fo r  -  — < p ^0.
By s o lv in g  Eq. (A .11.6) f o r  v a r io u s  v a lu es  of  p f o r  f ix e d  v a lu es
of  the  shower age pa ram ete r  s ,  the normal ized  number of  cascade
p a r t i c l e s  N (<0) as a f u n c t i o n  of  e0/E can be o b ta in ed  from 
o s
E q . ( A . 11.5) f o r  each v a lu e  o f  s .  This  dependence is  p l o t t e d  in
Fig.  20 f o r  a few v a lues  of  s .
To g e t  th e  d i s t r i b u t i o n  of  cascade  p a r t i c l e s  in approx im ation
B, one must de te rm ine  the  c o r r e c t  va lue  of  t ,  f o r  s p e c i f i c  va lues
of  s and the  r a t i o  Eo/e,  from Eq.(A.I  1.3 ) •  The normal ized number
of  p a r t i c l e s  N (<0) given in  Fig.  20 must then  be m u l t i p l i e d  by the 
0
t o t a l  number o f  p a r t i c l e s  a t  a f i x e d  t  and f o r  a f i x e d  r a t i o  of  
Eo/e which is  given by Fig.  5*13*3 in Ref. 43*
4-3B. Ross i ,  High Energy P a r t i c l e s  ( P r e n t i c e - H a 11, I n c . ,  




Fig.  20. Normalized i n t e g r a l  an g u la r  d i s t r i b u t i o n  in approximation.  B. The param ete r  s 
i s  the  shower age,  e i s  the  c r i t i c a l  energy ,  and Es = 21 MeV i s  t h e  s c a t t e r i n g  energy.
o
APPENDIX III  
Angular  D i s t r i b u t i o n  o f  Cascade
E l e c t ro n s  Within  the  Core Approximation
The e x p r e s s io n s  to  be e v a l u a t e d  in o b t a i n i n g  the  a n g u la r  
d i s t r i b u t i o n  w i th i n  the  c o re  approx im at ion  a r e  o b ta in ed  by l e t t i n g  
r "♦ 9 in Eqs. (6 .1 )  and (6 . 2 ) o f  Kamata and N i s h i m u r a . ^  These 
e q u a t io n s  a r e  th e  s e r i e s  s o l u t i o n  t o  the  th r e e -d im e n s io n a l  cascade  
th e o ry  w i th o u t  the Landau approx im at ion .  The f i r s t  term in the  
s e r i e s  r e p r e s e n t s  the  spread  caused by m u l t i p l e  s c a t t e r i n g  of 
e l e c t r o n s  when they  a r e  t r a v e r s i n g  m a t t e r  and in f a c t  is  q u i t e  
s i m i l a r  to  the  s o l u t i o n  d e r iv e d  under the  Landau approx im at ion .
The second term of th e  s e r i e s  g ives  the  c o n t r i b u t i o n  of  s i n g l e  
s c a t t e r i n g  and some of  the p l u r a l  s c a t t e r i n g .  Thus, t h i s  second 
term g ives  l i t t l e  c o n t r i b u t i o n  t o  the s t r u c t u r e  fu n c t i o n  near  
the  shower a x i s  bu t  i s  predominant  a t  the  t a i l  o f  the  s t r u c t u r e  
fu n c t i  on.
Comparison of  the e x p e r im en ta l  a n g u la r  d i s t r i b u t i o n s  ob ta ined  
in t h i s  exper im en t ,  where measurements have been r e s t r i c t e d  t o  
high energy  cascade  p a r t i c l e s ,  show good agreement w i th  numerical
JU
c a l c u l a t i o n s  c o n s id e r i n g  on ly  the  f i r s t  term o f  the  s e r i e s .
l±L\.




This was not  t r u e  in the  ca s e  o f  the  r a d i a l  d i s t r i b u t i o n  where i t  
was n e c e s s a ry  t o  inc lude  the  second term of  the  s e r i e s  in o rde r  to  
g e t  agreement w i th  ex p e r im en ta l  d a t a /  The p h y s i c a l  e x p l a n a t i o n  
fo r  t h i s  d i f f e r e n c e  i s  t h a t  one must make measurements to  r e l a t i v e l y  
la rg e  r a d i i  in o rde r  t o  measure a l l  p a r t i c l e s  even a t  very  small  
a n g le s .
The t o t a l  number of  p a r t i c l e s  N(<0) which make a n g le s  l e s s  than 
0 w i th  r e s p e c t  t o  the  cascade  a x i s  f o r  th e  approx im ation  e0/k «  1 
(core approxim ation) i s  e xp re s sed  by
+ i°°
N(<S) = s i r i "  dS C ^ - ) S C^)r ( I - s / 2 )  » ! ( -  s / 2 , 0 , s ) e X l ( s ) t , (A. 11 1.1)
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i f  only the  f i r s t  term of th e  s e r i e s  s o l u t i o n  i s  co n s id e r e d .  The 
paramete r  k is p r o p o r t i o n a l  t o  the  s c a t t e r i n g  param ete r  and the  
o th e r  symbols used a r e  the same as those  d e s c r ib e d  in Appendix I I .  
This  eq u a t io n  can be so lved  by the  s ad d le  p o i n t  method t o  give
N(<8) = [ 2 « u " ( ; ) ] ' V2 (Sa i ) S ( i ) r ( l - | ) n , 1 ( - | 0 , ; ) e X l ( s ) t  ,  (A. II 1 .2) 
where
In -  =■ -  M l  ” | )  + ( s ) t  = 0 , (A. I II .3 )
Vf
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and
u " ( s )  = — + r ^ ' ( l - | )  + X i " ( s ) t  . (A. II 1.4)5a 4 2
The s o l u t i o n s  of  th e s e  e q u a t io n s  f o r  an e l e c t r o n  p a i r  pr im ary 
a r e  g iven  in Table IV and in Fig.  21 a t  a few v a lu e s  of  t  f o r  
k = 19-3 MeV. The d e t a i l s  of  o b t a i n i n g  the  M el l in  fu n c t i o n  
m i ( - s / 2 , 0 , s )  a r e  given  in Appendix I I .
TABLE IV
Number of  E l e c t r o n s  Having Angle Less Than 0 
For E le c t ro n  P a i r  Primary
t ( r .  1.)
E° 6
(BeV- tan)
4 5 6 7 8 9
5 x 10_1 5. 1 h.O 2. 8 - - -
1 x 10° 10. 2 9-2 7-2 h. 5 - -
2 x 10° 19.5 19-2 16. 5 13.0 9 .4 5.4
5 x 10° 42 he hh 40 34 23
1 x 101 72 85 88 83 73 58
2 x 101 130 lh6 165 169 155 132
5 x 101 202 281 360 398 392 370
1 x 102 hho h39 620 722 762 758
2 x 102 - - 1015 1290 1425 1460
5 x 102 - - - 2590 3070 3400
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Fig.  21. The angu la r  d i s t r i b u t i o n  of cascade  e l e c t r o n s  N(<9) vs Eq 9 w i th in  th e  co re  approx im ation .  
The primary energy Eq  i s  in u n i t s  of  BeV and the ang le  9  i s  in u n i t s  of th e  tangen t .  The c i r c l e s  a t t a c h e d  
to  the  curves  g ive  the  d i s t a n c e  from th e  o r i g i n  in r a d i a t i o n  leng th s .
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